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Chapter 1

Introduction

1.1 Shear Alfvén waves in fusion plasmas

Fusion plasmas are high temperature ionized gases, heated with the aim
of reaching self-sustained nuclear fusion. In particular, we consider here
fusion plasmas confined by means of magnetic fields in toroidal chambers
named tokamaks. The present generation of tokamak devices has reached
the point at which the demonstration of breakeven plasma conditions is
feasible and the next step in R&D is the design and construction of a
machine with the goal of operating in controlled burning plasma condi-
tions. The International Thermonuclear Experimental Reactor (ITER)
is the result of an international collaboration and the expression of the
effort in the scientific community to achieve this goal [1].

The success of the fusion research program critically depends on two
major issues: first, on the ability of reaching burning plasma conditions;
second, on the possibility of having the 3.52MeV alpha particles pro-
duced by fusion reactions well confined, so that they may thermalize
and transfer their energy to the plasma bulk, thereby sustaining fusion
without the need of external heating. Hot and dense plasmas must be
produced to accomplish the first objective. Efficient plasma heating is
then needed to attain core temperatures of T ∼ 40keV , and, since the
plasma resistivity drops as T−3/2, alternate options to ohmic heating have
been proposed, such as ion cyclotron wave heating (ICH). In this case
hot ion ‘tails’ up to a few MeV are formed.

In addition to the second objective, i.e. the good fusion alpha confine-
ment, a non-inductive current drive system is often desirable to provide
a long pulse, steady state operation scenario. A possibility is in the use
of Neutral Beam Injectors (NBI), as for ITER, where 1.3MeV deuterium
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beams have been proposed. The efficiency of this current drive system
is influenced by the coherence properties of the beam after ionization.
Pitch angle scattering of the injected hot ions, of course, results in a
lower net produced current.

Thus, energetic ions in the MeV range are present in ignited plasmas,
either as fusion products or because they are produced by auxiliary heat-
ing/current drive systems. In any case, the good confinement properties
of these particles are of major importance for the success of the fusion
research program.

The energetic ions classical (or ‘ neoclassical’) transport due to Coulomb
collisions is compatible with all of the above requirements. In order to in-
fer the performance of the present and future tokamak devices, it is then
necessary to determine the level of anomalous diffusion caused by col-
lective instabilities and turbulence phenomena induced by wave-particle
resonant interactions.

An estimate of the energetic (‘hot’) particle velocity vh of the order
of the Alfvén speed vA ≡ B/

√
4π̺ (̺ being the mass density), vh ∼ vA,

focuses the attention on Alfvénic instabilities induced by shear Alfvén
waves (SAW). SAW are magnetohydrodynamic plasma waves propagat-
ing with the characteristic Alfvén velocity vA along the magnetic field
lines. At 1MeV a deuteron has a speed of v ∼ 109 cm/s. Furthermore the
Alfvén velocity in a 50% DT plasma is vA ≃ 108B(T )/

√

n(1014cm−3) cm/s
(n being here the particle density). Thus, for typical parameters, B ≃ 5T
and n ≃ 1014cm−3, we have vA ∼ vh. Compressional Alfvén waves
(CAW), instead, are hardly excited by resonances. To demonstrate this,
consider that in a toroidal equilibrium the parallel wave vector is ordered
as k‖ ∼ 1/Ro with Ro being the major radius of the torus; while the per-
pendicular wavenumber is k⊥ ∼ m/a with a being the torus minor radius
and m the poloidal mode number. The compressional wave dispersion
relation gives then ωCAW ≃ k⊥vA ≫ k‖vA ≃ k‖vh ≃ ωSAW . Compres-
sional and shear Alfvén waves are, however, weakly coupled because of
equilibrium inhomogeneities. The free energy source that can drive insta-
bilities is due to configuration space nonuniformities. In addition, SAW
group velocity is directed along the magnetic field line and, therefore,
fast ions can stay in resonance and effectively exchange energy with the
wave [2, 3].
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1.2 Continuous spectrum and continuum

modes

SAW in a nonuniform equilibrium experience energy absorption (contin-

uum damping [4, 5]), due to singular structures that are formed in the
proximity of resonant surfaces. This mechanism can be understood in its
simplest form by considering the SAW dynamics in a slab model, namely
a magnetic configuration with one direction of nonuniformity.

To this aim, we consider here an incompressible plasma in an equilib-
rium magnetic field B0(x) = B0z +B0y(x) varying along a coordinate x.
In such a configuration, the plasma moves mainly with the E ×B veloc-
ity: δv = c δE × B0/B

2
0 , with c being the speed of light. Consequently,

the Faraday’s law (ω/c)δB = −∇ × δE, governing the perturbed mag-
netic field δB, reads: δB = (B0 ·∇)ξ− (ξ ·∇)B0−B0(∇ ·ξ), where the
plasma displacement is defined by δv = −iω ξ. Substituting Faraday’s
law in the momentum equation ̺ ω2ξ = ∇P − J × B/c, we obtain:

ω2

v2
A

ξ = k2
‖ξ +

4π

B2
∇P̃ +

B0

B2
0

(B0 · ∇)(∇ · ξ) (1.1)

where we have used Ampere’s law ∇ × B = 4πJ/c, and P̃ = P + B ·
δB/(4π) is the total plasma pressure (kinetic plus magnetic). We use
now the hypothesis of plasma incompressibility ∇ · ξ = ik‖ξ‖ + ik⊥ξ⊥ +
dξx/dx = 0, where the direction denoted as ⊥ is perpendicular to x and
to the magnetic field, and write Eq. 1.1 in components for ξ‖, ξ⊥ and ξx:

ǫξ‖ =
4πi

B2
k‖P̃ (1.2)

ǫξ⊥ =
4πi

B2
k⊥P̃ (1.3)

ǫξx =
4π

B2

dP̃

dx
(1.4)

where ǫ(x) = ω2/v2
A − k2

‖(x). Using now the hypothesis that k‖ ≪ k⊥,

we obtain from plasma incompressibility: ξ⊥ = (i/k⊥)(dξx/dx). Using
this relation, and the momentum equation components 1.3 and 1.4, we
obtain:

d

dx

(

ǫ
dξx
dx

)

− ǫ k2
⊥ ξx = 0 (1.5)

Equation 1.5, has been extensively used to describe in general SAW
dynamics in slab models and cylindrical geometry [6], and applied to
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describe the particular case of singular structures forming near the res-
onances, where ǫ = 0, and the consequent loss of energy of the wave
by continuum damping [4, 5]. The spectrum of resonances, given by
ǫ(x) = 0, is named continuous spectrum, and the singular structures con-

tinuum modes. In this dissertation, the general equation analogous to
Eq. 1.5 will be studied in Sec. 4.2, for an equilibrium given by a tokamak
geometry with magnetic islands.

Here, we show that continuum modes are formed near a continuum
resonance, by studying singular properties of the solutions of Eq. 1.5.
To this extent, we linearize ǫ(x) near a fixed position x = x0 as ǫ(x) =
α(x − x0), α being here a constant, we multiply Eq. 1.5 by α(x − x0),
and change variables with:

(x− x0) → s = ln(α(x− x0))

With this substitution, Eq. 1.5 reads

d2

ds2
ξx − k2

⊥ exp (2s) ξx = 0 (1.6)

For x/x0 ≃ 1, namely near the resonance, the solution can be approxi-
mated as:

ξx = C1 + C2s = C1 + C2 ln(α(x− x0)) (1.7)

where C1 and C2 are two constants depending on the initial values. If
the linearization is made near the ω2 = 0 singular radius, then the two
logarithmic singularities coalesce into a 1/(α(x−x0)) singularity. We can
guess the importance of these latter cases noting that if ω2 = 0 then also
k2
‖ = 0 and Alfvén modes will have no more restoring force. According

to the energy principle this latter configuration is the most unstable.
We have shown that near a resonance where the frequency of the

wave belongs to the continuous spectrum, a singular structure is formed,
named continuum mode. Hence, if a surface magnetohydrodynamic wave
is excited by an external coupler, the wave will be phase mixed by this
resonance and its energy will be dissipated to the plasma. The Alfvén
wave absorption can be explained by a mode conversion process. When
the singularity in the wave equation is removed by the finite-ion-Larmor-
radius and finite-electron-mass corrections, a new branch of the Alfvén
wave - the kinetic Alfvén wave - emerges [7]. Then, the energy in the
shear Alfvén wave converts into the kinetic Alfvén wave which is an
electrostatic wave of very short wavelength easily absorbed by plasma
electrons via electron Landau damping or collisional damping.
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The existence of Alfvén wave resonance in nonuniform ideal magne-
tohydrodynamic plasmas as well as its potential application to plasma
heating were noted by Grad [8], and expressed with a rigorous theory by
Chen and Hasegawa [4, 5]. The continuum damping rate was found to
scale as the gradient of the continuous spectrum:

W =
ω B2

8k2
⊥

C2
2

∣

∣

∣

dǫ

dx

∣

∣

∣

where W is the damping rate per unit area of antenna, and the wave
displacement amplitude C2 near the resonance is proportional to the ex-
ternal driving force. This means that an instability can grow more easily
near a continuum accumulation point (CAP), namely where dǫ/dx = 0.

Due to nonuniformities along the field lines in toroidal geometry, gaps
appear in the SAW continuous spectrum [9]. The mechanism is similar
to that which creates forbidden energy bands for an electron traveling in
a periodic lattice.

1.3 Shear Alfvén instabilities

Two types of collective shear Alfvén instabilities exist in tokamak plas-
mas: discrete Alfvén Eigenmodes (AE), with frequency inside SAW con-
tinuum gaps [10], and Energetic Particle continuum Modes (EPM) [11],
with frequency determined by fast particle characteristic motions.

Several types of AE exist, corresponding to several types of gaps in
the continuous spectrum. Toroidicity-induced AE (TAE) exist within a
gap, which is produced by the toroidal coupling between the m-th and
the (m+1)-th poloidal harmonics. For plasmas with an elliptic cross sec-
tion, coupling between the m-th and the (m+2)-th poloidal harmonics
produces another gap near ω = 2ωTAE. Eigenmodes with frequencies in-
side this gap are called ellipticity-induced Alfvén eigenmodes (EAE) [12].
When the plasma cross section has some triangularity, coupling between
the mth and the (m + 3)th poloidal harmonics produces another gap
near ω = 3ωTAE, and eigenmodes inside this gap are called non-circular
Alfvén eigenmodes (NAE) [13]. The width of the gap becomes progres-
sively narrower for the high-order gaps. At finite plasma β, coupling be-
tween acoustic waves and shear Alfvén waves introduces a new β-induced
gap at frequencies lower than the TAE gap [14]. The AE with frequency
inside the β-induced gap are called Beta-induced AE (BAE).

The inclusion of kinetic effects into the description of TAE in warm
plasmas produces the appearance, in the frequency range associated with
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Figure 1.1: Schematic illustration of the approximate frequency, ra-
dial location and mode width of observed fast-ion driven normal
modes (solid lines) and energetic particle modes (dashed lines) ver-
sus poloidal flux for a monotonically increasing q profile [15]. The
n = 3 shear Alfvén frequency continuum curves (dotted curves) are
also shown. Here an axisymmetric tokamak equilibrium is considered,
without magnetic islands. From high frequency to low, the acronyms
stand for ion cyclotron emission (ICE), compressional Alfvén eigen-
mode (CAE), triangularity-induced Alfvén eigenmode (NAE), ellipticity-
induced Alfvén eigenmode (EAE), kinetic toroidicity-induced Alfvén
eigenmode (KTAE), toroidicity-induced Alfvén eigenmode, and kinetic
ballooning mode (KBM).
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the TAE, of new families of weakly damped discrete modes, the kinetic
TAE (KTAE) [16]. As KTAE are intrinsically exempt from radiative
damping, with continuum damping replaced by mode coupling between
KTAE with frequencies above the TAE gaps, their total damping rates
and instability thresholds can be lower than those of the TAE. KTAE
can affect fast particle confinement and redistribution. In fact, several
KTAE may be associated with every TAE gap. The number of KTAE
that can be simultaneously excited can thus be much larger than the
number of TAE, and the correspondent anomalous transport and losses
of fast particle increased significantly.

Besides the existence of eigenmodes of the thermal plasma, such as
TAEs and KTAEs, it has been shown that other instabilities may be
spontaneously excited by a sufficiently strong energetic particle drive [11].
These energetic particle modes (EPMs), due to the non-perturbative con-
tribution of particle dynamics in determining mode structures and fre-
quencies, have linear and non-linear behaviors which are different from
those of TAEs and KTAEs. In particular, it has been demonstrated that
when the particle drive is large enough to exceed the EPM threshold,
a strong redistribution in the energetic particle source can take place,
yielding potentially large particle losses and eventually mode saturation.

The different damping mechanisms of AE and EPM imply a different
instability threshold of these two types of modes. In particular, modes
belonging to the AE type have a generally low instability threshold, be-
ing practically unaffected by continuum damping [2, 3]. On the other
hand, EPM can become unstable provided the drive exceeds a threshold
determined by the continuum damping absorption, and therefore have
a generally higher instability threshold. In this work, we focus on AE,
which are more easily excited. For this reason, the importance of un-
derstanding the continuous spectrum structure is clear if one faces the
stability problem of a tokamak and its potential impact on reaching the
ignition condition.

1.4 Shear Alfvén modes in the presence of

a magnetic island

SAW nonlinear dynamics is a research topic with many open issues.
In the special case of uniform plasmas a peculiar state exists, called
the Alfvénic state, which arises whenever we can assume ideal MHD,
plasma incompressibility and the validity of the Walén relation (δv/vA =

15



±δB/B, where δv and δB are the perturbed velocity and field) [17, 18,
19, 20]. In such a case, the nonlinear effects due to Maxwell and Reynolds
stresses cancel and give a self-consistent nonlinear state (see Sec. 2.2.3).
On the other hand, in nonuniform tokamak plasmas, with non-ideal ef-
fects such as resistivity or finite plasma compressibility, the Alfvénic state
conditions are violated and SAW are characterized by a rich nonlinear
dynamics.

The study of the nonlinear interaction of SAW and MHD fluctuations
can be of practical interest in realistic tokamak scenarios. In fact, in a
tokamak plasma, the SAW continuous spectrum is modified by the inter-
action with low-frequency MHD fluctuations, such as magnetic islands,
which are formed when the original sheared equilibrium magnetic field
lines break due to non ideal effects (in particular finite resistivity) and re-
connect with different magnetic topology [21]. A modification in position
and frequency of the continuum accumulation points is directly related
to a modification in the dynamics of global Alfvén modes present in a
tokamak, such as beta induced Alfvén Eigenmodes (BAE). BAE are con-
sidered in this dissertation as an example of AE in tokamaks, because
it will be shown a posteriori that their frequency range is comparable
to the nonlinear frequency shift due to the presence of the magnetic is-
land. Therefore, we neglect terms due to toroidicity or ellipticity of the
tokamak section, responsible for the existence of TAE or EAE, which
are expected to be less modified by the presence of the magnetic island.
Moreover, the presence of new gaps in the continuous spectrum can host
new Alfvén eigenmodes, induced by the presence of the island.

We derive the fluid theoretical description of the SAW dynamics in
the presence of a finite size magnetic island in finite-β plasmas, keeping
into account only toroidal effects due to geodesic curvature, which are
responsible for the BAE gap in the low frequency part of the SAW contin-
uous spectrum [14, 22, 23]. Since the typical island frequency and growth
rate are much lower than the SAW oscillation frequency, we can model
the equilibrium magnetic field as the sum of a tokamak axisymmetric
part plus a quasi-static helical distortion due to the magnetic island. We
adopt a linear ideal MHD model, and we consider:
(a) shear Alfvén modes with the same helicity as the magnetic island [24],
(b) shear Alfvén modes with different helicity from that of the magnetic
island [25, 26].

Firstly, we calculate the radial structure of the SAW continuous spec-
trum in the presence of a magnetic island. In fact, as discussed above, the
radial structure of the SAW continuous spectrum is directly related to
the tokamak Alfvén eigenmodes dynamics. Therefore, we consider firstly
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continuum modes, which are radially localized near the continuum res-
onance surfaces. In this framework, with an appropriate rotation of the
coordinates problem (a) for continuum modes reduces to 2 dimensions.
Since continuum modes are characterized by radial singular behaviors,
problem (a) can be further reduced to one dimension, and problem (b) to
two dimensions. The local differential equation describing the nonlinear
SAW continuum structure is solved numerically with a shooting method
code in the whole spatial range of interest (both outside and inside the
island), and analytically near the O-point and at the island separatrix,
where the equilibrium quantities can be approximated in simple form.

As suggested by the magnetic field line helicity behavior [27, 28], in
an equilibrium with a magnetic island a generalized safety factor q can be
defined for each flux surface, as an appropriate average of the ratio of the
magnetic field components along and perpendicular to the magnetic axis.
The separatrix flux surface plays an important role, hosting the BAE
continuum accumulation point (BAE-CAP), that - without island - was
positioned at the rational surface. The BAE-CAP is the upper extremum
of the BAE gap. For modes with the same helicity of the magnetic island,
the degeneracy in frequency of even and odd continuum modes is removed
by inhomogeneities along the field lines, causing a splitting between the
continuous spectrum branches with different parities. As a consequence,
the BAE-CAP is also split in different frequencies, depending on the
mode number and parity of the eigenfunction. Several branches of the
nonlinear SAW continuous spectrum stem from the BAE-CAP. Inside the
island, they reach continuum accumulation points at the magnetic island
O-point (MiO-CAP). These several CAPs at the O-point are peculiar
to the presence of the island and have similar radial structures as those
generated by reversed magnetic shear [29, 30]. Outside the island and
far from the separatrix, they asymptotically approach the typical spatial
dependence of the SAW continuum in a sheared magnetic field in the
absence of the island. For modes with different helicity from that of
the magnetic island, we find that there exists a continuous spectrum
very similar to that of tokamak plasmas within a magnetic island, where
the coupling of modes with different mode numbers creates frequency
gaps. In particular, a wide frequency gap is formed [25], analogous to
the ellipticity induced Alfvén Eigenmode [12] (EAE) gap in tokamaks.
This is due to the strong eccentricity of the island cross section.

Secondly, we consider global (namely, non radially singular) Alfvén
eigenmodes. Inside the magnetic island, we show that new magnetic-
island induced Alfvén eigenmodes (MiAE) exist as bound states, with
frequency inside the continuum gap induced by ellipticity. The analytic
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theory of MiAE is derived in the particular case of small eccentricity
magnetic islands. In this case, the theory of MiAE is analogous to the
theory of ellipticity induced Alfvén eigenmodes in tokamaks. As a second
example of Alfvén eigenmodes, we consider beta induced Alfvén eigen-
modes (BAE), which are present in tokamaks even without islands and
have frequencies of the order of the thermal ion transit frequency. The
dynamics of BAE in the presence of a magnetic island is studied in the
framework of a perturbative theory, where the magnetic island acts as
a perturbation to the tokamak equilibrium. In this case, a small mag-
netic island is considered, and we calculate the effect of the presence of
the magnetic island in modifying the frequency of the BAE. We show
that BAE frequency is dependent on the magnetic island size, and we
compare this dependence with experimental observations, finding a good
consistency.

These results have potential implications in explaining stability prop-
erties of tokamak plasmas in the presence of magnetic islands. In fact,
modes in the BAE frequency range have been observed in the Frascati
Tokamak Upgrade (FTU) [28, 31] in the presence of an (m,n) = (-2,-
1) magnetic island, where m and n are, respectively, the poloidal and
toroidal mode number. A theoretical analysis showed that these modes
can be interpreted as BAE modes, when thermal ion transit resonances
and finite ion Larmor radius effects are accounted for, with good agree-
ment of measured and calculated frequencies in the small magnetic island
amplitude limit [32]. In fact, measured frequencies were found to depend
on the magnetic island amplitude as well [28], consistently with the de-
pendence of the BAE frequency on the magnetic island size resulting
from our theory. The modes were observed only when the magnetic is-
land size was over a certain critical threshold [28]. Later on, similar
observations have been reported in other tokamaks (see, for instance, the
observations in HL-2A [33]). Moreover, we point out that magnetic-island
induced Alfvén eigenmodes (MiAE), could be resonantly excited by en-
ergetic particles and grow unstable inside the island, being essentially
free of continuum damping. The presence of MiAE inside a magnetic
island could modify the equilibrium profiles and nonlinearly affect the
magnetic island growth. On the other hand, MiAE could nonlinearly
affect energetic particles redistribution in the proximity of the magnetic
island rational surface. As a last application of our theory to study of
tokamak stability, we point out that, due to the frequency dependence
of shear Alfvén modes on mode numbers and the magnetic island size,
the possibility of using their frequency scalings as novel magnetic island
diagnostic is an attractive option.
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Chapter 2

Equilibrium and model
equations

2.1 Equilibrium and coordinate system

2.1.1 Coordinates in tokamak and outside the is-
land

We consider a tokamak geometry where R0 is the major radius of the
torus. The equilibrium is made of an axisymmetric tokamak magnetic
field with a component Btor in the toroidal direction ζT and a compo-
nent Bpol in the poloidal direction θT , plus a helical perturbation Brad

in the radial direction rT , generating a magnetic island. The magnetic
island lies on a flux surface with a minor radius r0. The subscripts T de-
note here the tokamak coordinates. The gradients associated with these
coordinates are: ∇rT = r̂T , ∇θT = θ̂T/r0 and ∇ζT = ζ̂T/R0.

We consider the region in the proximity of the rational surface of the
magnetic island qT = q0 = misl/nisl, where misl and nisl are respectively
the poloidal and toroidal mode numbers of the magnetic island pertur-
bation, and qT = rTBtor/(R0Bpol) is the safety factor. We adopt a slab
model with coordinates (qT , u, ζ), applying a rotation of the coordinates
in the (θT , ζT ) plane, as shown in Fig. 2.1, where u is defined in Eq. 2.1.
This is appropriate to describe a sheared field problem, in the proximity
of the rational surface, because the rotation is defined in order to have the
axisymmetric magnetic field only along ζ̂ at qT − q0 = 0. In this model,
the axisymmetric magnetic field depends on qT only, and the coordinate
ζ = (ζT + ε2

0 θT/q0)/(q0γ
2) is the coordinate of translational symmetry,

where γ =
√

1 + ε2
0/q

2
0 and ε0 = r0/R0. The gradients associated with
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Figure 2.1: Island coordinate system. The horizontal axis q − q0 = 0 is
the rational surface of the island. In this example the amplitude of the
island is chosen as M = 10−2.

these coordinates are: ∇qT = (q0s/r0)r̂T , ∇u = nisl(ζ̂T/R0 − q0θ̂T/r0)
and ∇ζ = (ζ̂T + ε0 θ̂T/q0)/(q0R0γ). The parameter s is the magnetic
shear calculated at the rational surface. It is useful to rewrite the gradi-
ent of the coordinates u and ζ in the form ∇u = û/ρ0 and ∇ζ = ζ̂/Z0,
where ρ0 = r0/(q0nislγ), and Z0 = γq0R0. In fact, we see that 2πρ0 is the
actual length of the magnetic island in the u direction and 2πZ0 is the
length of a magnetic field line of the axisymmetric equilibrium at q = q0.
In other words, 2πZ0 is the periodicity length of the magnetic flux tube
defined as the region inside the magnetic island separatrix.

The constant-ψ approximation is also adopted, assuming that the
magnetic island perturbation has the form Brad = Bisl sin u, with Bisl

constant. The flux surfaces of this equilibrium are labeled by ψ, where
the coordinates ψ and u are defined by:

ψ = (qT − q0)
2/2 +M(cosu+ 1)

u = nisl(ζT − q0θT ) (2.1)

The X-points of the magnetic island are at (qT − q0, u) = (0, 0) and
(0, 2π) and the O-point at (0, π). M is a constant with value M =
(q0|s|/nisl)(Bisl/Bpol,0), determined by the condition ∇ψ · B = 0, where
s is the magnetic shear and Bpol,0 is the poloidal magnetic field evalu-
ated at the rational surface. The topology of the flux surfaces outside
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the island is the same as for an equilibrium without islands. This is
because the flux surfaces outside the island are not reconnected. There-
fore, the set of coordinates (ψ, u, ζ) is well defined to describe the region
outside the island. The correspondent differential operators are defined
in Appendix 7.1. On the other hand, a further change of coordinates
is introduced in the following section, to describe the region inside the
island.

2.1.2 Coordinates inside the magnetic island

In our slab model approximation, the plasma inside the magnetic island
is a straight flux tube with length 2πZ0. The magnetic axis of the flux
tube, directed along ζ̂, and the O-point of the magnetic island, lie at
ψ = 0, and the separatrix is labeled by ψ = ψsx = 2M . An appropriate
set of cylinder-like coordinates (ρ, θ, ζ) is defined here to describe the
region inside the magnetic island, with:

ρ =
r0
q0s

√

2ψ

θ = arccos(
√

M(cos u+ 1)/ψ ) (2.2)

With these definitions, the magnetic axis is at ρ = 0 and the separatrix
radius is ρ = ρsx, which corresponds to the magnetic island half-width
Wisl, given by the Rutherford formula [34]:

Wisl

r0
= 2

√

Bisl

q0snislBpol,0

=
ρsx

r0
=

2

q0γnisl

√
1 − e (2.3)

with e defined below in this section. The angle θ is defined in the domain
(0, π/2) and extended to (0, π) by reflection symmetry w.r.t. θ = π/2,
with values 0, π at the rational surface q = q0. Further extension to
(0, 2π) is obtained by reflection symmetry for ρ↔ −ρ. With this defini-
tion, θ has values 0, π at the rational surface qT = q0.

We note that the flux surface’s cross section in the (ρ, θ) plane and
in the proximity of the O-point is an ellipse:

(qT − q0)
2

a2
qT

+
(u− π)2

a2
u

= 1 , a2
qT

= 2ψ , a2
u =

2ψ

M

We can recognize the geometrical role of the eccentricity near the O-
point, calculating the major and minor semi-axes length of the ellipses,

21



Lu and Lq, which are respectively the semi-length of the ellipse along u
and along q:

Lu =
au

|∇u| =

√

2ψ

M

r0
q0nislγ

, Lq =
aqT

|∇qT |
=

√

2ψ
r0
q0|s|

with these definitions, we can recognize e as the standard geometrical
definition of an ellipse’s eccentricity:

e = 1 − Mn2
islγ

2

s2
(2.4)

Although the approximation of the flux surfaces’ cross section as ellipses
is good only in the proximity of the O-point (x ≪ 1), the eccentricity
can be calculated with the same geometrical definition for all values of
x = ρ/ρ0. We obtain:

e(x) =
L2

u − L2
q

L2
u

=

(

arccos(2x2 − 1) − π
)2 − 4(1 − e)x2

(

arccos(2x2 − 1) − π
)2

(2.5)

and the value at the O-point is recovered in the limit x → 0, where
e(x) → e. This definition of e(x) will be used in the derivation of the
global Alfvén Eigenmode dispersion relation, given in Chapter 4. To
this extent, it will be useful to note that the eccentricity parameter ∆
defined in reference [12], is linked to e(x) by the formula: e(x) = 4∆/ρ,
corresponding to d∆/dρ = (e(x) + xe′(x))/4.

Two useful limiting cases are found when the eccentricity goes to one
and to zero:

e = 1 ⇔ M = 0 (2.6)

e = 0 ⇔ M =
s2

n2
islγ

2
≃ 1 (2.7)

The former is found for vanishing magnetic islands, the latter describes
a particular magnetic island amplitude which determines a circular cross
section of the magnetic flux tube near the O-point. In the latter case, we
can see from Eq. 2.9, that the magnetic field intensity does not depend
on θ. This means that the e = 0 case has a cylindrical symmetry around
the O-point axis (ψ = 0), broken only by higher order toroidicity effects,
which will not be considered here, because of minor relevance.

Typical magnetic islands in tokamak experiments, have values of ec-
centricity close to e ≃ 1 (see Sec. 5.4 for examples of magnetic islands
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detected in tokamaks). The case of zero eccentricity corresponds to an
unrealistic value of magnetic island width, which is never encountered in
tokamak plasmas because a saturation or a disruption occurs long before
the island grows up to these values of width. Nevertheless, in Chap-
ter 3, we calculate the shear Alfvén wave continuous spectrum for the
case e ≃ 0 too. In fact, this case shows clearly the analogy with the well-
known results of continuous spectrum in a tokamak, whose cross section
has usually small values of eccentricity. This simplification of small ec-
centricity of the island cross section will also be used in Chapter 4 for the
derivation of the global Eigenmode theory inside magnetic island. The
differential operators in this coordinate set are provided in Appendix 7.1.

2.1.3 Equilibrium magnetic field and safety factor

The equilibrium magnetic field is the sum of the axisymmetric equi-
librium field and of the magnetic island field. The axisymmetric mag-
netic field components can be written here in the new coordinates out-
side and inside the island, by considering that ζ̂ forms an angle α0 =
arctan(Bpol,0/Btor) with ζ̂T . The u and ζ components are easy to obtain
as Bu = Btor sinα0 −Bpol(q) cosα0 and Bζ = Btor cosα0 +Bpol(q) sinα0.
In the coordinates (ρ, u, ζ), the equilibrium magnetic field is described
by the contra-variant physical components:

Bρ
ph = 0 , Bu

ph = 2ε0B0

√
MP/(q2

0γ
2) , Bζ

ph = B0 (2.8)

Here P =
√

L2 + (1 − e)(sin2 u)/4, where L =
√

x2 − (cosu+ 1)/2, x =
ρ/ρsx, and B0 = γBtor. The contra-variant physical components of a
vector V , in a basis {gρ, gu, gζ} are defined here as the contra-variant
components rescaled with the length of the correspondent basis vector,
e.g. V ρ

ph = V ρ|gρ| (see Appendix 7.1 for further explanations). Similarly,
in the coordinates defined inside the island we have:

Bρ
ph = 0 , Bθ

ph = 2ε0B0

√
M

√
a x/(q2

0γ
2) , Bζ

ph = B0 (2.9)

The function a is defined as a = sin2 θ + cos2 θ(1 − e)F 2, with F =√
1 − x2 cos2 θ.
An important parameter describing the equilibrium profile, given the

magnetic field, is the safety factor, which is defined for an equilibrium
with cylindrical symmetry as: q = (ρBz)/(Z0B

θ
ph(ρ)). The poloidal com-

ponent (i.e. along θ) has to be written in the contra-variant definition,
that is the definition where the radial component is null. Moreover, the
physical component has to be considered, which is the one that does
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not depend on the choice of coordinates, because it is re-scaled with the
length of the unitary vector of θ. In the case of an equilibrium with
generical flux surface shape, like in the presence of a magnetic island, we
use a similar definition of safety factor, but we need to average over the
flux surface.

Outside the magnetic island, the topology is conserved by the pres-
ence of the magnetic island. Therefore, the safety factor still has the role
of measuring the ratio between the magnetic field intensity along the
toroidal coordinate, ζT , and the poloidal coordinate, θT . The additional
magnetic field component along the radius rT gives a modulation to the
magnetic flux surfaces. With this modulation, the path measured tan-
gentially to the flux surface, and directed along the poloidal direction, is
not given by r0θT , but by a coordinate defined as:

yout =

∫ θT

0

r0dθT

√

1 +
B2

q

B2
pol

=

∫ u

0

γρ0du
P2

1 − 2
√
MP/q0

(2.10)

with

P2 =
Byout

ph

Bpol,0
=

√

(

1 − 2
√
M

q0
P

)2

+
M2n2

isl

q2
0s

2
sin2 u

Eq. 2.10 has been obtained by substituting the poloidal component of
the magnetic field written in terms of the coordinates x, u: Bpol = BθT

ph =

Bpol,0 − γBu
ph = Bpol,0(1 − 2

√
MP/q0). Moreover, we are considering

the region in the proximity of the magnetic island rational surface, and
therefore we have assumed that the minor radius is constant, consistently
with the slab model approximation: rT = r0. By averaging over yout, we
obtain the value of the safety factor outside the island:

qout =

∫

�
dyout

2πR0

Btor

Byout

ph

=
1

2πnisl

∫ 2πq0nisl

0

du

(1 − 2
√
MP/q0)

(2.11)

The radial structure of the safety factor and the magnetic shear out-
side the island are shown in Fig. 2.2. Far from the separatrix (x > 1),
the safety factor reaches asymptotically the linear behavior typical of the
slab model without island. When the magnetic island amplitude M van-
ishes, this behavior is recovered for all x. In fact, in this case we have that
2
√
MP → (qT −q0) and therefore qout → qT . The magnetic shear is calcu-

lated as sout = (rmin/qout)dqout/drmin, with rmin = r0(1+4M(x2−1)/q0).
An important result is that the safety factor at the separatrix (x = 1)

is not q0, but there is a small difference, proportional to the magnetic
island size. This difference is positive on one side of the island, where
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Figure 2.2: Safety factor profile (upper figure) and magnetic shear profile
(lower figure) outside a magnetic island. The value of the safety factor
reported here is normalized: qnorm,out = (qout − q0)/(

√
Mnisl). The mag-

netic shear is defined as (rmin/qout)dqout/drmin, with rmin = rT (u = 0) is
the minimum tokamak minor radius of a flux surface, which is obtained
at u = 0 for surfaces with rT > r0. The radial coordinate x is defined as
x = ρ/ρsx.
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qT > q0, and negative on the side where qT < q0. The absolute value of
this difference can be calculated at the separatrix from Eq. 2.11, in the
limit M ≪ 1. We obtain:

qout,sx − q0 =
4
√
M

π
≃ 1.27

√
M (2.12)

This result has important implications to the value of the continuous
spectrum frequency at the separatrix, as discussed in Chapter 3. In fact,
we will see that the BAE continuum accumulation point, which is located
at the separatrix, has not the same frequency as without island, but a
nonlinearly modified frequency which is proportional to

√
M , consistently

with the nonlinearly modified value of the safety factor given by Eq. 2.12.
Now, we define the safety factor inside a magnetic island, using an

approach similar to the one used outside the island. Inside the magnetic
island, we project the flux surface on the the (ρ, θ) plane, and we call yin

the coordinate measuring the path along the flux surface element in this
plane, defined by:

yin = 2ρ0x

∫ θ

0

dθ′
√
a

F
(2.13)

The average along yin is used to define the safety factor:

qin =

∫

�
dyin

2πZ0

Bz

Bθ
ph

=

∫ 2π

0

dθ

2πZ0

dyin

dθ

Bz

Bθ
ph

=

∫ 2π

0

dθ

2πZ0

Bz

Bθ
(2.14)

This brings to the evaluation of the safety factor, where the contra-variant
component of the poloidal field is Bθ = Bθ

phF
√

1 − e/(
√
a ρ). We finally

obtain:

qin =
2

π

γ

|s|
√

1 − e
K(x) =

2

π

1√
Mnisl

K(x) (2.15)

where we have introduced the complete elliptic integral of the first kind

K(x) =
∫ π/2

0
dθ/F . This definition is analogous to the definition used for

the axisymmetric tokamak equilibrium. A similar definition for the safety
factor was given in Ref. [27], but our result is a factor q0 smaller. The ba-
sic difference of our derivation from that of Ref. [27], is that we take into
account that the length of a magnetic island flux tube is 2πZ0 ≃ 2πγq0R0,
whereas in Ref. [27] a flux tube with length 2πR0 is considered, which is
the major circumference of the tokamak. In other words, we point out
that the magnetic island flux tube performs q0 loops before closing on it-
self, and therefore all periodicity boundary conditions have to be imposed
in its whole length, and not in the length of the tokamak circumference.
This difference enters in particular the definition of the coordinate along
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Figure 2.3: Safety factor profile (upper figure) and magnetic shear profile
(lower figure) inside a magnetic island. The value of the safety factor
reported here is normalized to q(0) = 1/(

√
Mnisl) = γ/(|s|

√
1 − e). For

typical magnetic islands, 1 − e < 10−2 and we have q(0) > 10. On the
other hand, the magnetic shear is reported in its whole form, and does
not depend on the island size in the model we are using. The radial
coordinate x is defined as x = ρ/ρsx.
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the axis of the magnetic island flux tube ζ , and approximated in Ref. [27]
by the toroidal coordinate ζT .

The result, normalized to the minimum value, q(x = 0), is shown in
Fig. 2.3, normalized with the factor (

√
Mnisl)

−1. We see that, because
of the vanishing of Bθ at ρ = ρsx, θ = 0, π, we have a singular behavior
of the safety factor near the separatrix, x = 1. This feature is due to
the presence of the X-point, and is found in the safety factor of diverted
tokamaks as well. The safety factor is big for small islands and decreases
when the island grows. This means that, for a small island, only high val-
ues of q are accessible, and more and more values of q become accessible
when the island grows. Since the modes with small rational values of q
are the most unstable, this fact has important implications in the stabil-
ity properties of the equilibrium inside a magnetic island. The magnetic
shear, defined as s = (x/q)dq/dx, is also showed in Fig. 2.3.

It is worthwhile noting that the minimum value of the q profile is
obtained at x = 0, and depends on the magnetic island size M . We have:
q(0) = (

√
Mnisl)

−1. The reason why the safety factor at the O-point is
not the same as without magnetic island (although the magnetic island
perturbed field vanishes at the O-point) is that the safety factor inside
the magnetic island is calculated with respect to the magnetic island flux
tube, and not with respect to the tokamak flux tube. Therefore, the
periodicity boundary conditions of the modes inside the magnetic island
are not the same as those in the tokamak, and the same is valid for the
safety factor.

By knowing the minimum value of the safety factor inside the mag-
netic island, we can formulate the MHD interchange instability condi-
tion [35] in terms of the magnetic island size. This is the condition for
modes m/n = 1 internal to the magnetic island to be unstable, which
happens where q = 1, and therefore requires: q(0) < 1. Substituting
the value of the island width Wisl into M , using the Rutherford formula,
Eq. 2.3, we obtain that a magnetic island is unstable for the interchange
instability condition only if the half-width satisfies:

Wisl

r0
>

2

q0|s0|nisl

(2.16)

For typical tokamak plasmas, we have that magnetic islands never reach
such amplitudes, usually disrupting much earlier, and the q-profile de-
fined here inside the island never goes below 1. Therefore, the interchange
instability is not discussed further in this dissertation, focusing on SAW
dynamics in profiles with q(x) > 1.
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2.2 Model equations

2.2.1 Starting model equations in ideal MHD regime

The ideal magnetohydrodynamic (MHD) equations are used as a start-
ing point for the SAW’s fluid treatment, neglecting both resistivity and
viscosity:

d̺

dt
= −̺∇ · v (2.17)

̺
dv

dt
= −∇P +

J

c
× B (2.18)

1

c

∂B

∂t
= −∇ × E (2.19)

dP

dt
= −γP∇ · v (2.20)

E = −v

c
× B (2.21)

4π

c
J = ∇ × B (2.22)

∇ · B = 0 (2.23)

Here ̺ is the mass density, v the fluid velocity, P the pressure of the
bulk plasma, J the plasma current, B and E the magnetic and electric
fields and γ the ratio of the specific heats. In this section the symbol c
denotes the speed of light. The operator d/dt = ∂/∂t+ v · ∇ is the con-
vective derivative. We neglect resistivity even though we are dealing with
tearing modes because their evolution is taken as given here. Moreover,
being the typical island frequency and growth rate much lower than the
SAW oscillation frequency, we will assume that the equilibrium magnetic
field is given by the usual tokamak axisymmetric field plus a quasi-static
helical distortion due to the magnetic island.

The frequency range of our interest is given by the typical SAW fre-
quency (ω ∼ k‖vA), above the BAE-CAP frequency. This is the validity
range of the fluid theory, where we can neglect the particle resonances in
a consistent way. The study of lower frequency dynamics, where transit
and trapped particle can resonate with wave, requires the gyro-kinetic
theory [2], and is out of the scope of this dissertation.

The balance of pressure and magnetic forces of the axisymmetric equi-
librium gives, from Eq. 2.18:

J⊥0 = c
B0

B2
× ∇P0
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The perturbed magnetic field and velocity are expressed respectively in
terms of a vector and scalar potential:

δB = ∇ × δA (2.24)

δv⊥ =
c

B2
B × ∇⊥δφ (2.25)

where here a perturbed field is always meant to be a SAW perturbation,
when not otherwise specified, like for the SAW perturbed magnetic field
δB. The equilibrium is made by the axisymmetric equilibrium plus the
island, e.g. B = B0 + δBisl.

The governing equations for shear Alfvén modes can be derived from
Ohm’s law (Eq.2.21), and the quasi-neutrality condition, obtained as
the divergence of Ampére’s law (Eq.2.22). Quasi-neutrality condition is
~∇ · δ ~J = 0, i.e.,

~∇ · δ ~J⊥ + ~B · ~∇
(

δJ‖
B

)

= 0 (2.26)

where δ ~J is the SAW perturbed current, and ⊥ and ‖ refer, respectively,
to the perpendicular and parallel directions with respect to the equilib-
rium magnetic field vector (axisymmetric plus island field) b̂ ≡ ~B/B.

The perpendicular current perturbation is obtained from the perpen-
dicular force balance, i.e.,

δJ⊥ =
c

B2
B × ̺

d

dt
δv⊥ +

c

B2
B × ∇δp +

+
J‖
B
δB⊥ − (δB‖B)

B2
J⊥ (2.27)

The quasi-neutrality condition, Eq. 2.26, takes the form:

− c2

4π
∇ ·

( 1

v2
A

d

dt
∇⊥δφ

)

+ B · ∇
(δJ‖
B

)

− J

B2
· ∇

(

4πδp+ δB‖B
)

+8π
J‖

B2
· ∇δp + 2c

(B

B
× κ

)

· ∇δp

− (δB‖B)J · ∇
( 1

B2

)

+ (∇ × δA) · ∇
(J‖
B

)

= 0 (2.28)

Here κ = b · ∇b is the curvature of the equilibrium magnetic field, b =
B/B being the unit vector. The island perturbed velocity is contained
implicitly in the total time derivative d/dt, and the island perturbed
field in the total magnetic field B and in the total current J . These
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nonlinearities will be made explicit in Eq. 2.31. Eq. 2.28 is very general,
and describes nonlinearly shear Aflvén waves (SAW), fast magneto-sonic
waves (FMS) and slow magneto-sonic waves (SMS). These three wave
branches are the only ones predicted by MHD theory. We are not inter-
ested in the branch of FMS waves, but only in the compressible SAW, in
the presence of a magnetic island. We can neglect the FMS interaction
with SAW in our set of equations, using the condition:

4πδp+BδB‖ = 0 (2.29)

which selects only SAW and slow magneto-sonic waves. Moreover, SAW
in low-beta plasmas have parallel component of the perturbed magnetic
field negligible with respect to the perpendicular component: δB‖/δB⊥ ≪
1. This reads, in terms of the vector potential: δA ≃ δA‖b̂. With
this hypothesis, we obtain from the parallel component of Ampére’s law
(Eq. 2.22):

4πδJ‖ = c b̂ · ~∇×
(

~∇× δ ~A
)

≃ −c∇2
⊥ δA‖ (2.30)

Now, we substitute Eqs. 2.29 and 2.30 into Eq. 2.28, and consider
modes which are radially localized with respect to equilibrium scales.
The forth term in Eq. 2.28 can be neglected with respect to the fifth one,
using the hypothesis k‖ ≪ k⊥. Moreover, the sixth term can also been
neglected because involves only radial derivative corresponding to the
equilibrium, while all other terms involve radial derivatives corresponding
to the SAW perturbation, which is supposed to be more radially localized.
We obtain:

∂

∂t
∇ ·

( c

v2
A

∇⊥δφ
)

+(visl ·∇)∇ ·
( c

v2
A

∇⊥δφ
)

+(B0 +Bisl) ·∇
(∇2

⊥

B
δA‖

)

−8π
((B0 + Bisl)

B
×κ

)

·∇δp−4π

c
∇

(J‖,0 + J‖,isl
B

)

·(∇×δA) = 0 (2.31)

This is the nonlinear vorticity equation for SAW in low-beta plasmas,
which corresponds directly to the linear vorticity equation derived in ref-
erence [10], generalized to an equilibrium with a magnetic island. In this
way the role of the geodesic component (that is the poloidal component
of the curvature κ in the plane tangent to the magnetic flux surface) is
made explicit. When the geodesic curvature goes to zero, such as in the
cylindrical limit, there is no more pressure coupling affecting the linear
SAW continuous spectrum. That is why, even for non-zero beta, the
beta-induced gap in the lower part of the continuous spectrum is not
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observed in cylindrical geometry. With respect to reference [10], we have
retained here the last term in Eq. 2.28, because it is relevant to derive the
Hain-Lüst equation, Eq. 4.3. On the other hand, for continuum modes,
which are radially singular in the proximity of the resonance surfaces,
the last term in Eq. 2.28 can be neglected.

Here, we are not interested in modeling the magnetic island evolution.
Therefore, we study the SAW dynamics with a perturbative theory, as-
suming that the magnetic island dynamics is not affected by the SAW
presence. Therefore, we retain the pressure gradient contribution of the
SAW and neglect the contribute of the magnetic island fluctuation, con-
sidering the magnetic island as a quasi-static perturbation, which mod-
ifies the axisymmetric equilibrium. The nonlinearity in pressure is not
expected to change qualitatively the continuous spectrum structure, nor
the frequency of the Alfvén eigenmodes in the presence of the magnetic
island, and therefore it is reasonable assumption to neglect it. Neverthe-
less, it is expected to play an important role in the Alfvén mode drive
mechanism [36], which is not discussed in this dissertation, and will be
faced in a dedicated paper.

Now, give the general definition of the electric field as a function of
the scalar and vector potentials:

E = −∇φ− 1

c

∂A

∂t
(2.32)

and we take the parallel component of the nonlinear form, labeling with
a δ the quantities referring to the SAW perturbation:

E‖ = δE‖ + E‖isl = −B0 · ∇
B0

δφ− Bisl · ∇
B0

δφ− B0 · ∇
B0

φisl−

− δB · ∇
B0

φisl −
1

c

∂δA‖

∂t
− 1

c

∂A‖isl

∂t
(2.33)

Now we model the SAW perturbation consistently with ideal MHD the-
ory, so that δE‖ = 0, and we model the dynamics of the magnetic island
as independent of the SAW perturbation:

E‖isl = −B0 · ∇
B0

φisl −
1

c

∂A‖isl

∂t

In the case of the magnetic island, E‖ is not zero and, for example, in
a resistive MHD theory, is given by E‖isl = ηJ‖isl. We focus now on
the SAW perturbation dynamics. After these considerations, and using
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δB = −(B0 × ∇δA‖)/B0 and visl = (cB0 × ∇⊥φisl)/B
2
0 , Eq. 2.33 can

be rewritten as:

1

c

∂δA‖

∂t
= −B0 · ∇

B
δφ− Bisl · ∇

B
δφ− visl · ∇

c
δA‖ (2.34)

Equations (2.31) and (2.34) describe the evolution of the SAW vector
and scalar potentials in low-beta approximation. The pressure can ex-
plicitly be written in terms of δφ assuming an equation of state. In the
following sections the linearized form of these equations will be derived
for low-frequency SAW modes, corresponding to SAW perturbations in
a tokamak equilibrium in the absence of magnetic islands. The reduced
nonlinear equations will be also discussed, keeping only the dominant
three wave nonlinear couplings. These describe SAW excitations in the
presence of finite amplitude magnetic islands.

2.2.2 Limit case of an equilibrium with no islands

Equations (2.20), (2.31), and (2.34), can be linearized with respect to
the magnetic island perturbed fields, recovering the equations governing
the SAW dynamics in an equilibrium with no magnetic islands. This
has been extensively studied in literature and the main results are the
radial structure of SAW continuous spectrum, and the theory of Alfvén
instabilities, in an axisymmetric tokamak geometry. In this section, we
derive the model equations for SAW valid in tokamak geometry, recov-
ering a selected result, namely the existence of a beta-induced gap in
the low part of the SAW continuous spectrum. This is the gap where
beta-induced AE (BAE) exist.

We start by linearizing the the parallel component of Ohm’s law,
Eq. 2.34, namely considering a vanishing magnetic island. Moreover,
decomposing the perturbation by a temporal Fourier integral we can
consider a temporal behavior as parameterized by a frequency ω. We
obtain:

i
ω

c
δA‖ =

(B0 · ∇)

B0

δφ (2.35)

In the same way, the linearized equation of state, Eq. 2.20 can be put in
the form:

−iωp = −γP0∇ · v − v · ∇P0 ≃

≃ −γcP0

(

B0 ×
2κ

B2
0

)

· ∇⊥δφ+ c
(

B0 ×
∇P0

B2
0

)

· ∇⊥δφ (2.36)

Now we focus on continuum modes, which are strongly radially local-
ized. This allows us to retain only the relevant terms of Eq. 2.31, namely
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the ones containing the highest radial derivatives. With this hypothesis,
the SAW vorticity equation, Eq. 2.31, can be cast in the following form:

∇ ·
(−icω
v2

A

∇⊥δφ
)

+ B0 ·∇
(∇2

⊥

B
δA‖

)

− 8π
(B0

B
×κ

)

·∇δp = 0 (2.37)

Substituting the expression of p from Eq. 2.36 into Eq. 2.37, we can
obtain an equation for continuum modes in a tokamak geometry, for the
scalar potential only:

∇ ·
(ω2

v2
A

∇⊥δφ
)

+
(

B0 · ∇

)[ 1

B2
0

∇2
⊥

(

B0 · ∇

)]

δφ−

−4πγ
P0

B2
0

[(

B0×
2κ

B0

)

·∇⊥

]2

δφ+4π
[(

B0×
2κ

B2
0

)

·∇⊥

][(

B0×
∇P0

B2
0

)

·∇⊥

]

δφ = 0

(2.38)
As common to all continuum shear-Alfvén waves, we recognize the first
term as the inertia term, in which the mass density appears, because of
the ideal frozen-in law, and the second one called the field-line bending

term, describing the restoring force of the magnetic field against perpen-
dicular displacement. The third and the fourth terms are due to pressure.
The third one, proportional to β and to the geodesic curvature squared,
is the compressibility term, becoming important only when we consider
low-frequency waves. The fourth one is the ballooning - interchange term.

In linear theory, namely in the absence of magnetic islands, magnetic
flux surfaces are topologically equivalent to cylindrical nested surfaces.
SAW localized perpendicularly with respect to the flux surfaces, have
therefore spatial variation mainly in the radial direction, and the veloc-
ities have mainly poloidal component. In this case, Eq. 2.38 simplifies
further. In fact, the ballooning term is given by the radial component of
the velocity and can be neglected. Moreover, here we are not interested
in the coupling between different modes due to toroidicity, and there-
fore we consider vA as a constant. We can finally write the linearized
equation for SAW modes in the low-frequency part of the continuous
spectrum [10, 14]:

ω2

v2
A

∇2
⊥δφ+

B0

qR

∂

∂θ̂

( 1

B2
0

∇2
⊥

B0

qR

∂

∂θ̂

)

δφ− 4πγ
P0

B2
0

κ2
s ∇2

⊥δφ = 0 (2.39)

Here θ̂ is the generalized poloidal angle, defined by b · ∇ = ik‖ =

(1/qR)∂/∂θ̂, and κs = (2b × κ)s is the geodesic curvature, defined as
twice the component of the curvature in the plane tangent to the flux
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Figure 2.4: Continuous spectrum of shear Alfvén waves in axisymmet-
ric toroidal geometry with β = 0 (upper figure) and β = 2% (lower
figure) [14]. The continuum frequency is plotted as a function of flux
surface number. The magnetic axis is at surface number 0, the edge at
surface number 197. The dotted curves are the envelopes. Vertical lines
mark q values at which the Alfvén wave frequency matches the envelope
frequency. The beta-induced gap is present at low frequencies in the
β = 2% case, while it is absent in the β = 0.
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surface. We have neglected here the poloidal dependence of the Alfvén
velocity, that gives the toroidicity induced gap in an upper part of the
continuous spectrum, because out of our treatment. Instead, we have
kept the pressure term, whose contribution is important at low frequen-
cies, creating the beta-induced gap.

We can decompose now the mode in Fourier series in the θ̂ space, and
average the geodesic curvature κs ≃ 2 sin θ̂/R along the magnetic field
line:

d

dr
D(r)

d

dr
δφ =

d

dr

(ω2

v2
A

− k‖(r)
2 − ω2

BAE−CAP

v2
A

) d

dr
δφ = 0 (2.40)

where

ω2
BAE−CAP =

γβ

R2
v2

A (2.41)

is the beta-induced Alfvén Eigenmode continuum accumulation point
(BAE-CAP), as derived with the fluid theory [14], and r is a generic radial
coordinate, labeling the flux surfaces. Equation 2.40, as shown in the
Introduction (Sec. 1.2), has a singular solution near the resonance surface
of a given ω, defined as the geometrical location where D(r) = 0. In
proximity of the resonance surface, the radial group velocity vanishes and
the wave energy is absorbed by the plasma at a resonance. Here we have
shown that the spectrum of resonances, named continuous spectrum, has
a gap in the low-frequency part:

ω2(r) = k2
‖(r)v

2
A + ω2

BAE−CAP (2.42)

Adding higher order terms in ε would give rise to the formation of more
complicated structures and gaps in the SAW continuous spectrum due
to toroidicity, ellipticity of the tokamak section and other geometrical
effects [3].

Moreover, the inclusion of kinetic effects gives a correction in the
value of the BAE-CAP frequency (Eq. 2.41), which has the advantage of
being not dependent on the chosen equation of state and on the relative
γ parameter [23]:

ω2
BAE−CAP =

1

R2
0

2Ti

mi

(7

4
+
Te

Ti

)

(2.43)

Here Ti and Te are the ion and electron temperatures and mi is the ion
mass. In the following, we will not need an explicit form of the BAE-
CAP frequency, that will be treated linearly as an upward-shift in the
continuous spectrum.
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2.2.3 Nonlinear case: SAW in the presence of an
island

When SAW are excited in the presence of a finite amplitude fluctuation
we cannot use anymore the linear treatment in axisymmetric equilibrium.
In this case it is necessary to develop a nonlinear treatment, in which the
equilibrium, the SAW and the fluctuation coexist. The magnetic island
is treated here as a generic fluctuation without entering the nature of its
excitation or its dynamics.

Before deriving our model equations for the specific case of an equi-
librium with quasi-static magnetic islands in tokamak plasmas, we want
here to show a peculiar case that occurs in nonlinear dynamics of SAW.
This case, known as Alfvénic state [18, 19], is a self-consistent nonlinear
state, occurring when the hypothesis of incompressibility is satisfied in
uniform plasmas. Under these conditions, the general vorticity equations,
Eq. 2.28, and Ohm’s law, Eq. 2.34, can be written in the form:

c

v2
A

∂2

∂t2
∇2

⊥δφ+
c

v2
A

∂

∂t

(

visl · ∇

)

∇2
⊥δφ+

1

B0

∂

∂t

(

B0 · ∇

)

∇2
⊥δA‖+

+
1

B0

∂

∂t

(

Bisl · ∇

)

∇2
⊥δA‖ −

4π

c
∇

(J‖0 + δJ‖isl
B0

)

· ∂
∂t
δB⊥ = 0 (2.44)

1

c

∂δA‖

∂t
+

visl · ∇
c

δA‖ +
B0 · ∇
B

δφ+
Bisl · ∇

B
δφ = 0 (2.45)

where we have neglected SMS waves with the hypothesis of incompress-
ibility, and we have neglected the FMS waves, selecting the polarization
δB‖ = 0. A solution of this system is given by:

δφ = −δA‖ (2.46)

δvisl

vA

= −δBisl

B0

(2.47)

ω = k‖vA (2.48)

propagating along the magnetic field, with k = k‖b̂. Eqs. 2.46 and 2.47
are known as the Walén relations on the polarization [17]. This means
that, when the island perturbation and the SAW perturbation follow the
linear dynamics of pure SAW, then the nonlinear Maxwell and Reynolds
stress tensor terms kill each other identically. As a consequence, the
dynamics has no effective nonlinear contribution due to the interaction of
waves. The fact that two waves can travel without interacting with each
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other has practical application in understanding the physics of Alfvén
solitons, namely self-reinforcing solitary Alfvén waves (wave packets or
pulses) which maintain their shape while they travel in the medium.

In tokamaks, the plasma is not uniform and magnetic islands have
a dynamics which is not properly described by the Walén relation. In
particular, their evolution is much slower than the SAW one, so that for
typical frequencies of interest ωisl ≪ ω. This breaks the balance between
the Reynolds stress tensor term and the Maxwell stress tensor term, and
makes the former negligible. In the particular cases in which the magnetic
islands are locked in the plasma, due to the magnetic interaction with
the external iron shell asymmetries, the value of visl is identically zero.

Therefore, in our model we neglect the Reynolds stress tensor term
in Eq. 2.31 and the system reduces to an axisymmetric equilibrium with
static magnetic islands, described by the equation:

∇ ·
(ω2

v2
A

∇⊥δφ
)

+
(

B · ∇
)

[∇2
⊥

B2
0

(

B · ∇
)

δφ
]

−

−4πγP

B2

[(

B × 2κs

B

)

· ∇⊥

]2

δφ− 4π

c
∇

(J‖
B

)

·
[

∇ × (∇‖δφ)
]

⊥
+

+4π
[(

B × 2κs

B2

)

· ∇⊥

][(

B × ∇P

B2

)

· ∇⊥

]

δφ = 0 (2.49)

where the equilibrium magnetic field and pressure are referred to the
sum of the axisymmetric equilibrium plus the island perturbation. This
equation is valid in general for Alfvén Eigenmodes (AE) and continuum
modes.

In the case of continuum modes, a further simplification can be made,
by considering that the modes are radially localized in a narrow layer,
which is much thinner than the equilibrium scales. This allows us to
neglect the forth and fifth terms in Eq. 2.49. The result is:

ω2

v2
A

∇2
⊥δφ+ ∇‖∇2

⊥∇‖δφ− ω2
BAE−CAP

v2
A

∇2
⊥δφ = 0 (2.50)

This equation describes the SAW dynamics of continuum modes in the
presence of a quasi-static magnetic island. It will be used for the deriva-
tion of the continuous spectrum of SAW traveling both inside and outside
a magnetic island. Here, ωBAE−CAP is the frequency of the BAE contin-
uum accumulation point, whose value in fluid theory is given by Eq. 2.41
(see Ref. [14, 22]): ω2

BAE−CAP = γβv2
A/R

2
0. Here, we adopt the value

given by the gyro-kinetic theory [23], expressed in Eq. 2.43. The poloidal
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dependence of the Alfvén velocity, causing the toroidicity induced cou-
pling at Alfvénic frequencies, has been neglected in our model equation
for continuum modes, Eq. 2.50. Therefore, our model consists of an ef-
fective 2D equilibrium, where the only curvature effects are contained in
the BAE-CAP frequency. We focus on frequencies in the low-part of the
continuous spectrum. We consider the nonlinear contributions coming
from the Reynolds stress tensor term (visl · ∇) and the Maxwell stress
tensor term (Bisl · ∇), while neglecting the pressure nonlinearity contri-
bution. This is justified when studying the real part of the Alfvén mode
frequency. On the other hand, the pressure nonlinearity is expected to
play an important role in changing the imaginary part of the frequency,
by determining the drive mechanism [36].
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Chapter 3

Continuous spectrum

As discussed in Sec. 1.2, SAW in a nonuniform equilibrium experience
continuum damping, due to singular structures that are formed in the
proximity of resonant surfaces. Hence, if a surface magnetohydrody-
namic wave is excited by an external coupler, the wave will be phase
mixed by this resonance and its energy will be dissipated to the plasma.
The resonance frequency spectrum is called continuous spectrum. The
importance of understanding the continuous spectrum structure is clear
if one faces the stability problem of a tokamak and its potential impact
on reaching the ignition condition.

The SAW continuous spectrum in an axisymmetric equilibrium can be
modified by the interaction with low-frequency MHD fluctuations, such
as magnetic islands. In last chapter we have derived our fluid model
equations for the SAW continuum modes in the presence of a finite size
magnetic island in finite-β plasmas. He keep into account only toroidicity
effects due to the geodesic curvature, which are responsible for the BAE
gap in the low frequency SAW continuous spectrum. In this chapter,
the local differential equation yielding the nonlinear SAW continuum
structure is solved numerically, with a shooting method code, in the
whole spatial range of interest (both outside and inside the island), and
analytically, at the O-point and at the separatrix, where the equilibrium
quantities can be approximated in simple form.

New continuum accumulation points are found at the O-point of the
magnetic island (MiO-CAP). The beta-induced Alfvén Eigenmodes con-
tinuum accumulation point (BAE-CAP) is found to be positioned at the
separatrix flux surface. The BAE-CAP frequency is nonlinearly modified
by the presence of the magnetic island, with different values depending
on the mode numbers and parity of the eigenfunctions. Moreover, we find
that a wide frequency gap is formed, analogous to the ellipticity induced
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Alfvén Eigenmode (EAE) gap in tokamaks. This is due to the strong
eccentricity of the island cross section.

3.1 Continuous spectrum inside the mag-

netic island

3.1.1 Approximated result from the q-profile

Here, we want to give an approximated evaluation of the continuous
spectrum frequency, using the formula that works for a geometry with
cylindrical symmetry. The result is not rigorous in general and has dif-
ferences with the result provided in subsequent sections, obtained solving
the rigorous eigenvalue problem. In fact, the regime of validity restricts
to x ≪ 1 and e ≪ 1, where the magnetic island flux surfaces satisfy
the hypothesis of cylindrical symmetry. Nevertheless, it is worthwhile to
have an easy formulation which can already give useful hints on the final
results, in the whole region of interest 0 < x < 1, and for all values of e.

In the model used in this section, we approximate the continuous
spectrum frequency as:

Ω2
A =

(ω2 − ω2
BAE−CAP )

ω2
A

=
v2

A k
2
‖

ω2
A

=
1

q2(x)

(

ñq(x) − j
)2

(3.1)

with q(x) given in Eq. 2.15, and ωA = vA/Z0. The approximation consists
in defining a parallel component of the wave-vector k‖, whose definition is
valid in the cylindrical theory: k‖ = (ñq− j)/(qZ0), with ñ and j the az-
imuthal and poloidal number, respectively along the ζ and θ coordinates,
in the frame of reference of the flux tube inside the island.

Plots of Ω2
A(x) obtained from Eq. 3.1 are shown in Fig. 3.1 and 3.2, for

several values of ñ and j. The first result is that, when a magnetic island
with typical size is considered, the continuous spectrum frequencies are
very low with respect to the Alfvén frequency (corresponding to ΩA ≪ 1),
due to the high value of the safety factor: ΩA ∼ 1/q(x) ∼

√
M . Moreover,

we can see that, close to the cylinder axis, where q(0) = (
√
Mnisl)

−1, the
equilibrium profiles are flat and therefore all frequency branches reach
constant values. For ñ 6= 0, different branches intersect in different posi-
tions and no gaps are created, because of the cylinder symmetry which is
assumed when using Eq. 3.1. Nevertheless, when the rigorous eigenvalue
problem is solved, then we expect to find gaps in the continuous spectrum
in the proximity of the intersections. This is due to the noncircularity
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Figure 3.1: Continuous spectrum of SAW inside a magnetic island, Ω(x),
calculated with the approximated formula given in Eq. 3.1, in the limiting
case of flux surfaces with circular cross section: e = 0. Here ε = 0.1,
q0 = 2, s0 = 1. The frequency is normalized to the Alfvén frequency,
as in Eq. 3.1, and to the magnetic island amplitude parameter M . The
position is labeled by x = ρ/ρsx. We can see that, in this cylinder limit,
the various branches intersect without splitting. Here the cases of ñ = 0
and ñ = 1 are considered.
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Figure 3.2: Continuous spectrum of SAW inside a magnetic island, Ω(x),
calculated with the approximated formula given in Eq. 3.1, in the limiting
case of flux surfaces with circular cross section: e = 0. Same parameters
as for Fig. 3.1, but here the cases of ñ = 2 and ñ = 10 are considered.
Compare these results with the result of the case where the cylinder sym-
metry approximation is released, and the geometrical effects due to the
noncircularity of the flux surface’s cross section are retained (Fig. 3.3).
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of the flux surfaces, which creates gaps analogously to the continuous
spectrum in tokamaks (see Fig. 1.1). At the separatrix, we see that the
frequency of the branches with ñ = 0 goes to small values, corresponding
to a continuum accumulation point (CAP). The frequency of the CAP is
null when calculated with Eq. 3.1. Nevertheless, we will see in next sec-
tions, that when the rigorous eigenvalue problem is solved, a nonlinearly
modified CAP appears at the separatrix (see Fig. 3.4).

3.1.2 Eigenvalue problem

In section 2.1.2, we have described the region inside a magnetic island
flux tube with a cylinder-like set of coordinates, labeling the magnetic
flux surfaces with a radial-like coordinate ρ. This magnetic flux tube is
assumed here to be the static equilibrium of the problem. In section 3.1.1,
we have given an approximate solution of the continuous spectrum prob-
lem, by using the formula for the parallel wave-vector k‖ which is valid
in geometries with cylindrical geometry. Here, we want to solve the
rigorous eigenvalue problem. To this extent, we put the equation for
radially localized shear Alfvén modes, Eq. 2.50, which is written in a
general vectorial form, in an explicit form, using a cylinder-like set of
coordinates for a straight flux tube and the differential operators defined
in Appendix 7.1. For perpendicularly localized modes, the parallel and
perpendicular differential operators have the following form:

Z0∇‖ =
√
MnislF

∂

∂θ
+

∂

∂ζ
(3.2)

ρ2
sx∇2

⊥ = a
∂2

∂x2
(3.3)

and the boundary conditions of the problem are periodicity conditions
in θ and ζ on 2π circles. Moreover, using the symmetry of the equi-
librium in the ζ coordinate, we can write the general solution as δφ =
φ̂(x, θ) exp (−iñζ), where ñ is the mode number in the ζ-direction.

For a general ñ 6= 0, the problem we are considering is greatly simpli-
fied if we change coordinates from (ρ, θ, ζ) to a field aligned set of coordi-

nates (ρ, θ, ξ), where ξ = ζ−χ(x, θ), and χ = (
√
Mnisl)

−1
∫ θ

0
dθ′/F (x, θ′)

is the normalized incomplete elliptic integral of the first kind. In fact,
we have B · ∇ξ = 0 and the parallel derivative takes the simple form
Z0∇‖ =

√
MnislF ∂/∂θ (the change of coordinates wouldn’t be necessary

in the special case of ñ = 0, because the parallel gradient has already this
form, due to the vanishing of the derivative along ζ). Finally, Eq. 2.50 is
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written in the form of an eigenvalue problem:

[ Ω2

Mn2
isl

+
F

a

∂

∂θ
aF

∂

∂θ

]

φ̃′′ = 0 (3.4)

where Ω2 = (ω2−ω2
BAE−CAP )/ω2

A is the eigenvalue, and φ̃′′ = (∂2φ̂/∂2x) exp (−iñχ)

is the eigenfunction. The boundary condition φ̂′′(θ = 0) = φ̂′′(θ = 2π)
reads now φ̃′′(θ = 0) = φ̃′′(θ = 2π) exp (2πiñq), with the safety factor
q defined in Eq. 2.15. In Eq. 3.4, plasma inertia and compression are
contained in the first term, and magnetic field tension is contained in the
second term.

It is useful to write Eq. 3.4 in the form of a Schrödinger equation.
The motivation is twofold. Firstly, we can use standard shooting method
techniques to solve numerically the problem in the whole range inside
the island: 0 < x < 1. Secondly, we can solve analytically the problem
in the proximity of the island O-point, approximating the potential, and
benchmark the numerical solution with the analytical one near the O-
point. Consider an equation of the form:

d

dx
g(x)

d

dx
f(x) + Ω2T (x)f(x) = 0

with f(x) the unknown function and g(x) and T (x) known functions.
Now implement the substitution f(x) → h(x)/

√

g(x). It is straightfor-
ward to show that, in the hypothesis of g(x) 6= 0 ∀x, this equation can
be written in the form:

d2

dx2
h(x) + Ω2A(x)h(x) − V (x)h(x) = 0

with A = T/g and V = (g′′ − g′2/(2g))/(2g), g′ meaning dg/dx.
In the case of continuum modes inside a magnetic island, the eigen-

value problem takes the form:

∂2

∂θ2
h+

Ω2

Mn2
isl

Ainh− Vinh = 0 (3.5)

with Ain = 1/F 2, Vin = (g′′in − g′2in/(2gin))/(2gin), gin = aF , and h =
φ̃′′√gin. Here for the function g, the prime denotes the θ-derivative, e.g.
g′ = ∂g/∂θ.

Eq. 3.5 can be solved treating x as a parameter, Ω2(x) as the eigen-
value, that is the continuous spectrum of the problem, and h(x, θ) as the
eigenfunction. The solution can be found numerically in the whole spatial
range of interest (in this case 0 < x < 1, that is inside the separatrix),
using a shooting method code.
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3.1.3 Results for ñ 6= 0

The equation for SAW continuous spectrum written in the form of an
eigenvalue problem in the coordinates (ρ, θ, ξ), Eq. 3.5, is an ordinary
differential equation in one variable, θ, where the radial position x is
treated as a parameter. It can be solved numerically, with a shooting
method code for each position 0 < x < 1, giving the continuous spectrum
Ω2(x) as result, for any value of the eccentricity 0 < e < 1. The result
is shown in Fig. 3.3 for e ≪ 1, and for e = 0.99. We note that, in the
case of small eccentricity e≪ 1, and close to the O-point x ≃ 0, we have
a = F = 1 and Eq. 3.4 reduces to the problem in cylindrical geometry:
Ω2 = Mn2

isl(ñq − j)2, where j is the poloidal mode number.
The case of small eccentricity, corresponding to M = 1, is considered

firstly. We choose typical values for the equilibrium parameters, q0 = 2,
s = 1, nisl = 1, and consider continuum modes with mode number
ñ = 10. In this case, we see that near the O-point, x ≃ 0, the result of
the cylindrical geometry is recovered, as discussed above. On the other
hand, for 0 < x < 1, the flux surfaces have a non-circular cross section,
and therefore the modes with different values of j are coupled. This
mechanism creates a gap in the spectrum analogous to the ellipticity
induced Alfvén Eigenmode (EAE) gap in tokamaks [12], dubbed here
as magnetic island induced AE (MiAE) gap [25, 26]. The closer a flux
surface is to the separatrix, the wider is the MiAE gap.

We repeat the calculation for a magnetic island with a reasonable
size, with M = 10−2, using the same equilibrium parameters. This cor-
responds to a magnetic island with Wisl ≃

√
1 − e r0 = 0.1 r0, which is

the order of magnitude of a saturated magnetic island in tokamaks. We
consider modes with mode number ñ = 1. We find the same structure
of continuous spectrum as for M = 1, but in this case we obtain a much
wider MiAE gap. This is due to the fact that flux surfaces of a reason-
able size magnetic island have a high eccentricity, which strongly couples
together modes with different values of j. The MiAE gap central fre-
quency is proportional to the magnetic island half-width. The value near
the O-point is [25, 26]:

ΩMiAE−gap =
√
Mnisl =

q0snisl

2

Wisl

r0
(3.6)

A gap analogous to the toroidicity induced Alfvén eigenmode (TAE)
gap [10, 37] is not found here, because we consider a straight flux tube
model, neglecting the effect of curvature coupling among different values
of j. Nevertheless, such a toroidal MiAE gap is expected to be present

47



0 0.2 0.4 0.6 0.8
0

0.2

0.4

0.6

0.8

1

x

Ω/M1/2

n = 10
M = 1
~

0 0.2 0.4 0.6 0.8
0

0.5

1

1.5

2

x

Ω/M1/2

n = 1
M = 10−2

~

Figure 3.3: Continuous spectrum Ω(x) plotted versus the radial position
inside the island. In the upper figure, the small eccentricity case, e = 0,
corresponding to M ≃ 1 is shown, and modes with ñ = 10 are consid-
ered. In the lower figure, a typical size magnetic island is considered:
M = 10−2, corresponding to an eccentricity of e ≃ 0.99, and ñ = 1.
Characteristic values of the equilibrium parameters have been chosen,
with nisl = 1. The O-point is at x = 0 and the separatrix at x = 1. A
MiAE gap is found, centered at frequencies Ω2 ∼Mn2

isl.
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inside magnetic islands, at frequencies lower than the frequencies of the
ellipticity MiAE gap. Its width can be estimated as ∆Ω2 ≃Mn2

islε0. The
magnetic island has also a modulation in the tokamak toroidal direction,
given by the number nisl. This helicity of the flux tube is neglected
here and is expected to weakly couple modes of the SAW continuous
spectrum with different n, analogously to the case of stellarators. These
effects are not expected to qualitatively modify the MiAE gap and will
be investigated in a different work as further extension of the present
theory.

On the other hand, the BAE gap is considered in our model, resulting
in an upward shift in the continuous spectrum of the frequencies ω2/ω2

A.
For typical tokamak plasma parameters, ω2

BAE−CAP/ω
2
A ∼ βq2

0, with β
denoting the ratio between plasma and magnetic pressures (see Eqs. 2.41
and 2.43). Therefore, finite compression BAE frequency gap and mag-
netic island induced MiAE gap are of comparable size when M ∼ βq2

0,
i.e. for a typical saturated magnetic island size in tokamaks.

The central frequency of the MiAE gap can be written explicitly from
Eq. 3.6, recalling the definition of the normalized frequency Ω, given in
Eq. 3.1. We obtain:

fMiAE−gap = fBAE−CAP

√

1 +
q2
0s

2n2
isl

4

W 2
isl

r2
0

f 2
A

f 2
BAE−CAP

(3.7)

Here q0, s, and Wisl are respectively the values of the safety factor and
shear calculated at the rational surface of the island, and the magnetic
island half-width. The value of fBAE−CAP is obtained from reference [23]
(see Eq. 2.43):

fBAE−CAP =
1

2πR0

√

2Ti

mi

(7

4
+
Te

Ti

)

(3.8)

For small magnetic islands, the scaling is quadratic with the magnetic
island half-width and the approximate value is:

fMiAE−gap ≃ fBAE−CAP +
q2
0s

2n2
isl

8

W 2
isl

r2
0

f 2
A

fBAE−CAP
(3.9)

The regime of validity of the linear approximation is given by:

Wisl

r0
≪ 2

q0|s|nisl

fBAE−CAP

fA
∼

√
β

q0|s|nisl
,

Here we can see explicitly that, in the case of low-β plasmas, the order
of magnitude of the MiAE-gap can be comparable with the BAE-CAP
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frequency itself. In Sec. 3.2 it will be shown that the nonlinearly modified
frequency of the BAE-CAP due to the presence of the island, has the
same value of the MiAE-gap central frequency (see Eq. 3.19).

3.1.4 Results for ñ = 0

Here we discuss the solution of Eq. 3.5, calculated numerically with a
shooting method code in the range 0 < x < 1, for any value of the eccen-
tricity 0 < e < 1. The result is shown in Fig. 3.4 for e≪ 1, and in Fig. 3.7
for e = 0.99. We choose typical values for the equilibrium parameters,
q0 = 2, s = 1, ε0 = 0.1, nisl = 1. The periodic boundary condition in θ
is satisfied by an infinite set of solutions, labeled by j = 1, 2, .... We find
that the presence of magnetic islands modifies the continuous spectrum
inside the island in three main ways.
1) The continuous spectrum Ω2 reaches peaks (continuum accumulation
points) at the magnetic island O-point, which are dubbed here MiO-
CAP. The frequency of the MiO-CAP depends on the size of the mag-
netic island. In the particular case of a magnetic island with e = 0, the
cylindrical limit CAP are recovered.
2) The BAE continuum accumulation point, defined as the position where
the continuous spectrum has the minimum in frequency, is displaced from
the original position at the rational surface x = 0 to the separatrix flux
surface x = 1. The reason why Alfvén waves traveling in flux surfaces
closer and closer to the separatrix have lower and lower resonant fre-
quency is the vanishing of the parallel component of the local wave num-
ber (k‖) near the X-point. The first odd eigenfunction has frequencies
converging to the original BAE-CAP, whose value is the same as in an
equilibrium without islands, correspondent to Ω2 = 0. All other branches
converge to a nonlinearly modified BAE-CAP, whose value is Ω = Mn2

isl.
3) The magnetic field intensity varies periodically along the field lines
in an equilibrium with magnetic islands. The corresponding problem of
wave propagation can be described by a periodic potential. Alfvén waves
experiencing a variation of the Alfvén velocity along their path respond
in different ways if their eigenfunction is even or odd with respect to
this potential. This breaks the degeneration of the frequency of even
and odd eigenfunctions, splitting the continuous spectrum in two lines
corresponding to the two parities.

The solution of Eq. 3.5 can also be found analytically near the O-point
and near the separatrix, approximating the potential and obtaining the
value of the continuum accumulation points (MiO-CAP and BAE-CAP).
The analytical derivation of the MiO-CAP value is shown hereafter, and
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Figure 3.4: Continuous spectrum Ω2(x) for the small eccentricity case,
e≪ 1, corresponding to M ≃ 1, plotted versus the radial position inside
the island. Typical values of the equilibrium parameters have been chosen
and nisl = 1. The O-point is at x = 0 and the separatrix at x = 1. The
branches of both even and odd eigenfunctions are shown. At the O-point,
the continuum accumulation points (MiO-CAP) recover the value of the
cylinder limit. At the separatrix, the first odd frequency branch tends
to the original BAE-CAP (Ω2 = 0) and the others to the nonlinearly
modified BAE-CAP (Ω2 = Mn2

isl).
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an estimation of the nonlinearly modified BAE-CAP in Section 3.2.

3.1.5 Analytical treatment near the O-point

The value of the continuum accumulation points at the O-point of the
island can be calculated analytically from Eq. (3.5), by approximating the
functions Ain and Vin near the O-point. In this limit, Eq. (3.5) becomes:

∂2

∂θ2
h+

Ω2

Mn2
isl

h− Vin,0h = 0 (3.10)

where the potential is defined by:

Vin,0(θ) = e
( (1 − e) cos2 θ

(1 − e cos2 θ)2
(2 − e cos2 θ) − 1

)

(3.11)

Two limiting cases are considered here: e≪ 1, corresponding to M ≃ 1,
and e ≃ 1, corresponding to M ≪ 1. The former describes a magnetic
island where the flux surfaces have circular cross section near the O-
point. The latter is representative of typical size magnetic islands in
tokamak plasmas. In the former case, the function a can be approximated
by a ≃ 1 and the magnetic field intensity is independent of θ: Bθ

ph ≃
ε0|s|B0ρ/(q0r0γ

2). This means that, in our model, the e ≪ 1 case has
a cylindrical symmetry around the O-point. In this case, the potential
Vin,0 vanishes and Eq. 3.10 has the following eigenvalues (see Fig. 3.4):

Ω2
MiO−CAP = Mn2

islj
2 = j2/q2(0) (case e≪ 1) (3.12)

where j is a natural number (j = 1, 2...), and q(0) is the safety factor
given in Eq. 2.15, calculated at x = 0.

On the other hand, in the case of small island amplitude (e ≃ 1),
the potential can be written as Vin,0 ≃ V0 + δV , where V0 = −1 and
δV = V1H(θeff). Here V1 = 1/(1 − e) = s2/(Mn2

islγ
2) and H(θeff) is a

function with unitary value inside the set (|θ| < θeff )
⋃

(|π − θ| < θeff )
and zero elsewhere, where θeff = 1/2 (

√
M/|s|)1/2. Since the potential

Vin,0 is not constant in θ, in this case the eigenvalue Ω2 has a different
value for even and odd eigenfunctions. However, an approximated value
of Ω2 can be calculated by making some considerations on the potential
shape. In fact, having δV a support which is very localized in θ for
small amplitude islands, we can neglect its contribution and consider the
problem determined by Vin,0 = V0 = −1. This gives the eigenvalues (see
Fig. 3.7):

Ω2
MiO−CAP = Mn2

isl(j
2 − 1) (case e ≃ 1) (3.13)
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We can see that when the island amplitude is vanishing, the frequen-
cies are shifted down by the same quantity Mn2

isl, and therefore the first
frequency (j = 1) goes close to zero values. These solutions obtained an-
alytically with this approximated potential are very close to the numer-
ical ones. The numerical ones give also the frequency splitting between
even and odd eigenfunctions, which are neglected in the approximation
of constant potential Vin,0 = V0 = −1.

3.2 Continuous spectrum outside the mag-

netic island

3.2.1 Approximated result from the q-profile

Here, we want to give an approximated evaluation of the continuous
spectrum frequency outside the island, analogously to what we have done
for the region inside the magnetic island, in Sec. 3.1. Although the result
is not rigorous in general and has differences with the result provided
in subsequent sections, nevertheless it is worthwhile to have an easy
formulation which can already give useful hints on the final results, in
the whole region of interest x > 1. We consider magnetic island with
typical size, corresponding to M ≪ 1, e ≃ 1.

We approximate the continuous spectrum frequency analogously to
Eq. 3.1, as:

Ω2
A =

(ω2 − ω2
BAE−CAP )

ω2
A

=
v2

A k
2
‖

ω2
A

=
q2
0

q2
out(x)

(

nqout(x) −m
)2

(3.14)

with qout given in Eq. 2.11, and ωA = vA/Z0. Here we are considering
the tokamak topology, described by flux surfaces with major radius R0

and minor radius r0. The perturbations have toroidal mode number n
and poloidal mode number m. The approximated value of the parallel
component of the wave-vector k‖, is the one taken from the cylindrical
symmetry: k‖ = (n qout −m)/(qoutR0γ). Note that in the limit of vanish-
ing magnetic island, qout tends to qT (see Eq. 2.11) and the value of k‖
in absence of magnetic island is recovered. Moreover, here we restrict to
modes with m/n = q0, which are the ones with the same helicity as the
magnetic island.

The approximated continuous spectrum Ω2
A(x) obtained from Eq. 3.14

is shown in Fig. 3.5, for several values of j = n/nisl and forM = 10−2. We
note that, far from the separatrix, the frequency branches tend asymp-
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Figure 3.5: Approximated result for the continuous spectrum Ω2 outside
a magnetic island, plotted versus x2, for M = 10−2 and nisl = 1. This
is calculated with the approximated formula rigorously valid for cylin-
drical geometries, given in Eq. 3.14, where x = ρ/ρsx. The frequency is
normalized to the Alfvén frequency and to M . Modes with m/n = q0
are considered. The lines correspond to modes with j = n/nisl = 1, 2, 3,
respectively from bottom up. The separatrix is at x = 1. Far from the
separatrix, the branches tend to the linear asymptotic limit of an equilib-
rium without islands. At the separatrix, the frequencies tend to a value
different from zero. This approximated result can be compared with the
rigorous solution shown in Fig. 3.6 and 3.7, where all branches tend to
the same value at the separatrix.

54



totically to the linear behavior in x2 that characterizes the SAW con-
tinuous spectrum without magnetic islands. On the other hand, at the
separatrix, the branches tend to finite values, different for each branch
number j, named continuum accumulation points (CAP). An estimation
of the value of these nonlinearly modified CAP can be given with this
approximated model, by using the safety factor value given by Eq. 2.12,
approximated in the limit M ≪ 1. We obtain Ω2/M ≃ 16j2/π2 ≃ 1.62j2.

The eigenvalue problem will be solved rigorously in following sec-
tions, showing differences mainly near the separatrix. In fact, the CAP
frequency will be found to be the same for all branches, and the value
is of the same order of magnitude of the approximated estimation given
here, but smaller than that.

3.2.2 Eigenvalue problem

In this section, we face the problem of SAW continuum modes, described
by Eq. 2.50, outside the separatrix of a magnetic island, in the coordinate
system, (x, u, ζ). The parallel and perpendicular differential operators
have the following form:

Z0∇‖ = 2
√
MnislL

∂

∂u

ρ2
sx∇2

⊥ =
P 2

x2

∂2

∂x2

Only continuum modes with m = q0n are considered, where m and n
are respectively the poloidal and toroidal mode numbers, in the tokamak
coordinates θT and ζT . Those are the modes with the same helicity as
the magnetic island: ∂/∂ζ = 0, and therefore, the problem reduces to 2
dimensions. By applying the differential operators in this explicit form,
Eq. 2.50 can be written in the form of an eigenvalue problem:

[ Ω2

Mn2
isl

+
4L

P 2

∂

∂u
LP 2 ∂

∂u

]

f = 0 (3.15)

where Ω2 = (ω2 − ω2
BAE−CAP )/ω2

A is the eigenvalue, and f = ∂2δφ/∂2x
is the eigenfunction. Similarly to inside the island, this can be put in
the form of a Schrödinger equation. The Schrödinger equation can be
solved numerically for x > 1 with standard techniques and the numerical
solution can be compared with the asymptotic limit, obtained analyti-
cally for x ≫ 1. Moreover, analytical estimations of the frequency can
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Figure 3.6: Continuous spectrum Ω2, plotted versus x2, for M = 10−2,
corresponding to e ≃ 0.99. Typical equilibrium parameters have been
chosen, and nisl = 1. Outside the magnetic island, all the frequency
branches converge to a nonlinearly modified BAE-CAP at the separatrix
(x = 1), with value Ω2

BAE−CAP = Mn2
isl. On the other hand, for x ≫

1, the asymptotic limit Ω2
∞ is approached. In our model, due to the

constant-ψ approximation, the solution without magnetic island Ω2
0 is

shifted with respect to the asymptotic limit: Ω2
0 = Ω2

∞ + 2M . Even
and odd modes have a negligible difference in frequency, which is two
orders of magnitude lower than the continuum frequency, for the chosen
equilibrium parameters.
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be found near the separatrix. The eigenvalue problem takes the form:

∂2

∂u2
h+

Ω2

Mn2
isl

Aouth− Vouth = 0 (3.16)

with Aout = 1/(4L2), Vout = (g′′out − g′2out/(2gout))/(2gout), gout = 2LP 2,
and h = f

√
gout.

3.2.3 Results (ñ = 0)

The periodic boundary condition in u is satisfied by an infinite set of
solutions, labeled with mode number j (for q0 integer and nisl = 1, j = n,
with n the toroidal number in the tokamak ζT coordinate). The solution
of Eq. 3.16 is shown in Fig. 3.6 and Fig. 3.7, for typical island size,
M = 10−2, and typical values of the equilibrium parameters, q0 = 2,
s = 1, ε0 = 0.1, nisl = 1. The asymptotic behavior at x ≫ 1 is depicted
in Fig. 3.6 for the case j = 1. Three main features describe the continuous
spectrum outside the island:
1) The continuous spectrum for x ≫ 1 reaches the asymptotical limit
Ω2

∞. In this limit, namely for M ≪ 1, we note that Eq. 3.15 takes the
form of a Mathieu equation:

Ω2

n2
isl

f = M
(

4x2 − 2(cosu+ 1)
) ∂2

∂u2
f =

(

(2ψ − 2M) − 2M cosu
) ∂2

∂u2
f

(3.17)
withM playing the role of the modulation coefficient, and the flux-surface
coordinate ψ approaching the value ψ ≃ (qT − q0)

2/2. The asymptotical
limit Ω2

∞ can be calculated from Eq. 3.17, and has a constant difference
with the limit of the continuous spectrum in the limit of vanishing island,
Ω2

0:

Ω2
∞ = n2 < (qT − q0)

2 >u= Mn2
islj

2(4x2 − 2)

Ω2
0 = n2 lim

M→0
(qT − q0)

2 = Mn2
islj

2(4x2)

This difference is due to the constant-ψ approximation which is made
modeling the island field. A more realistic asymptotic behavior can be
obtained by abandoning the constant-ψ approximation and considering
an improved model where the island field decays with growing |qT − q0|.
2) Even and odd eigenfunction have different eigenvalues, due to the
non-uniformity of the magnetic field intensity along the field line. Inside
the island, the frequency difference is of the same order as the frequency
value, while outside the island the frequency difference is negligible with
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respect to the absolute value. In the case depicted in Fig. 3.6, the fre-
quency difference between odd and even solutions is ∆Ω2/M ≃ 10−2.
3) At the separatrix, all continuum frequencies converge to the nonlin-
early modified BAE-CAP, whose value is proportional to the magnetic
island half-width [24]:

ΩnlBAE−CAP =
√
Mnisl =

q0snisl

2

Wisl

r0
(3.18)

In our model, the value of the nonlinearly modified BAE-CAP frequency
is the same as the central value of the MiAE gap, Eq. 3.6. In fact,
different helicities are considered in the two cases, but they depends on
the island size with the same scalings. The reason of the presence of
a continuum accumulation point at the separatrix is found in the role
of the X-point in lowering the local wavenumber k‖. We can write the
value of the BAE-CAP frequency (f = ω/(2π)), similarly to the central
frequency of the MiAE gap (Eq. 3.7), as:

fnlBAE−CAP = fBAE−CAP

√

1 +
q2
0s

2n2
isl

4

W 2
isl

r2
0

f 2
A

f 2
BAE−CAP

(3.19)

Note that we have obtained fnlBAE−CAP = fMiAE−gap.
The nonlinear modification of the continuous spectrum and in par-

ticular the upward shift in frequency of the BAE-CAP has important
implications in the study of the dynamics of global AE in tokamak equi-
libria in the presence of a magnetic island, as discussed in Sec. 3.3. The
dynamics of global AE in tokamaks in the presence of a magnetic is-
land is treated in Chapter 5. The analytical treatment of the continuous
spectrum problem near the separatrix is faced in next section.

3.2.4 Analytical treatment near the separatrix

Here, we focus on the region outside the magnetic island, in the proximity
of the separatrix. We also consider the limit of e ≃ 1, which is the
case of a typical size magnetic island in tokamak plasmas. Under these
assumptions, the function L and P can be approximated as L = P =√

1 − cosu/
√

2. Consequently, the eigenvalue equation, Eq. 3.16, takes
the form:

∂2

∂u2
h−WΩ2h = 0 (3.20)

where the potential WΩ2 is defined as:

WΩ2 = −9 cos2 u− (12 + 8Ω̃2) cosu+ (3 + 8Ω̃2)

16(1 − cosu)2
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and Ω̃2 = Ω2/(Mn2
isl). This equation can be studied as a Schrödinger

equation with zero energy. In this framework, we look for values of Ω̃2

such that the solution satisfies the boundary conditions of periodicity
of u on (0, 2π). The potential WΩ2 has positive second derivative, for
Ω̃2 < 3/4, and negative second derivative for Ω̃2 > 3/4. For Ω̃2 = 3/4, the
potential has a constant value: WΩ2 = −(3/4)2. For the given boundary
conditions, this means that solutions of the problem exist for Ω̃2 > 3/4
only. On the other hand, when Ω̃2 = 4/3 the potential has maximum
value WΩ2 = −1 at u = π, and therefore does not admit a solution
with mode j = 1. With these considerations, we can estimate that
3/4 < Ω̃2

BAE−CAP < 4/3 for the first mode number, j = 1. Numerically,

we find that Ω̃2 ≃ 1 for j = 1 and that the difference in frequency for
other mode numbers and different parities is negligible.

3.3 Summary of the continuous spectrum

results

Understanding the radial structure of the SAW continuous spectrum is
one of the first steps in facing the MHD stability property of a tokamak
equilibrium. In fact, continuum damping is one of the main damping
mechanisms of shear Alfvén instabilities, and occurs at the resonant flux
surfaces where the mode frequency is resonant with the continuous spec-
trum frequency. Therefore, a mode is not affected by continuum damping
and can more easily grow unstable if its frequency lies in a gap of the
continuous spectrum.

The radial structure of the continuous spectrum of SAW has been
calculated in this chapter in an equilibrium inside a magnetic island flux
tube. The equilibrium is considered to be static, due to the time scale
separation between the magnetic island dynamics and the faster SAW
dynamics. The flux tube is considered to be straight, in order to focus
on the effects of the non-circularity of the cross section. Curvature effects
are retained only in the formation of the BAE gap in the low frequency
part of the continuous spectrum. A linear, MHD model is adopted for
finite-beta tokamak plasmas. A generalized safety factor is defined in-
side the magnetic island flux tube, giving information on the rational flux
surfaces where different modes couple to create gaps in the SAW contin-
uous spectrum. The linearized SAW equation is solved with a shooting
method code inside a finite-size magnetic island and the result compared
with the SAW continuous spectrum calculated in tokamak equilibria.
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Figure 3.7: Continuous spectrum Ω2(x), for M = 10−2, corresponding to
e ≃ 0.99. Typical equilibrium parameters have been chosen, and nisl = 1.
The region inside the island is at 0 < x < 1, and the region outside the
island at x > 1. The MiO-CAP are shown at the O-point (x = 0), and
the BAE-CAP at the separatrix (x = 1).
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When considering modes with generic helicity ñ 6= 0, we have found
that there exists a SAW continuous spectrum within a magnetic island,
similar to that calculated in tokamak equilibria. For the case of small
eccentricity of the flux surfaces, modes with different poloidal numbers
are not coupled and, therefore, the branches of the continuous spectrum
intersect and there is no formation of gaps. This is shown to occur
inside a magnetic island with very large (unrealistic) width, near the O-
point, where the flux surfaces are nearly circular. On the other hand, a
realistic size magnetic island is shown to have wide gaps in the continuous
spectrum, due to the strong eccentricity of the flux surfaces. This is
analogous to the formation of EAE gaps in tokamaks, but is found here
inside the magnetic island equilibrium. Note that MiAE can exist as
bound states within the island, essentially free of continuum damping,
provided that plasma equilibrium effects and free energy sources can
drive and bind them locally. The problem of AE inside the island will be
treated in Chapter 4.

We have also considered modes with the same helicity as the magnetic
island (ñ = 0). In this framework, the model reduces to 2 dimensions.
We have shown that the SAW continuous spectrum of a finite-β tokamak
plasma is modified by the presence of a magnetic island. In particular,
the BAE continuum accumulation point (BAE-CAP) is shifted in space
from the rational surface of the island, to the separatrix flux surface po-
sition. Moreover, we have shown that the nonuniformity of the magnetic
field intensity along the field lines generates a splitting between the fre-
quency branches of the modes with even and odd (with respect to the
potential describing the periodic magnetic field intensity) structures. The
frequency of this splitting has a relevant value inside the island, and is
negligible outside the island, for typical island sizes. Inside the magnetic
island, we have found that the continuum frequency branches converge at
the O-point to several magnetic island induced CAP (MiO-CAP). At the
separatrix, the frequency of the BAE-CAP is splitted in two values. The
continuum branch correspondent to the first odd eigenfunction inside the
island, converges to the original BAE-CAP, with same frequency as in
absence of a magnetic island, and the other branches converge to a non-
linearly modified BAE-CAP, with a higher frequency, given by Eq. 3.18.
Outside the magnetic island, all continuum branches converge at the
separatrix to the nonlinearly modified BAE-CAP. Far from the separa-
trix and outside the magnetic island, the continuum frequency converges
asymptotically to the value calculated in an equilibrium with no islands.

Moreover, our results about modes with the same helicity as the mag-
netic island, ñ = 0, have implications in the study of the dynamics of

61



Alfvén eigenmodes (AE). In fact, BAE are expected to have an eigen-
function radially peaked in the proximity of the magnetic island sep-
aratrix, namely at the BAE-CAP, rather than at the rational surface.
The BAE frequency is expected to have higher values when a magnetic
island is present, with respect to the values of an equilibrium with no is-
lands, consistently with the BAE-CAP frequency modification described
by Eq. 3.18. The problem of nonlinear modification of BAE in the pres-
ence of a magnetic island will be treated in Chapter 5.
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Chapter 4

Alfvén Eigenmodes inside the
island

4.1 Introduction

In the previous chapter we focused on the dynamics of continuum modes,
i.e. radially singular modes growing in the proximity of resonance sur-
faces. The radial localization of the continuum modes has allowed us
to separate the perpendicular scale and the parallel scale, resulting in
a problem which is characterized by a 1D differential equation. The
singularity forming at the resonance surfaces, causes a damping mecha-
nism called continuum damping, and the energy of the mode is therefore
absorbed at the resonance surface. We have determined the SAW con-
tinuous spectrum of an equilibrium with a magnetic island. This gives
the information on where Alfvén instabilities are absorbed by continuum
damping.

In this chapter we want to solve the problem for global modes, taking
into account the results on the continuous spectrum. We know where
the energy of a mode is absorbed, and this gives a boundary condition
in space for the global solutions, which must have a negligible amplitude
in the proximity of the corresponding resonance surfaces.

We want to focus here on the main mechanisms of global mode for-
mation, peculiar to the magnetic island geometry. Therefore, we keep
only the curvature effects in the BAE-CAP frequency and neglect the
higher order effects, such as toroidicity induced gap in the SAW contin-
uum. As seen in Eq. 3.1, these curvature effects are retained only in
the definition of the normalized frequency Ω, and neglected elsewhere.
In this way, the magnetic island flux tube can be assumed to have the
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topology of a cylindrical confinement configuration, with a noncircular
cross section, and with a large guide field along the axis and a poloidal
magnetic field in the plane perpendicular to the axis. In this chapter we
consider a large magnetic island, with e≪ 1. This corresponds to a mag-
netic island amplitude which is not typical in tokamaks, but allows us to
develop a perturbative theory for the global modes where the smallness
parameter is the eccentricity e. Like in Chapter 3, we assume ζ to be
the translational symmetry direction, with Z0 being the characteristic
scale length. In this chapter, all parameters - cylinder-like coordinates,
safety factor, magnetic shear, et cetera - are intended to describe the
configuration inside the magnetic island.

This small but finite eccentricity is responsible for a gap in the con-
tinuous spectrum, as shown in Chapter 3, and for the formation of global
modes with frequency inside the gap. These are dubbed here magnetic
island induce Alfvén eigenmodes (MiAE). These global modes are analo-
gous to ellipticity induced AE (EAE) in tokamaks [12]. The MHD theory
of MiAE will be developed in Section 4.2, following the same theoreti-
cal scheme of the EAE, namely reference [38]. Moreover, in Section 4.3
we will show that, by adding FLR effects to the MHD theory, a further
class of modes is found inside the island. In fact, kinetic Alfvén waves
form localized modes inside the islands, analogously to what happens in
tokamaks [39].

4.2 Global modes in fluid theory

4.2.1 The model for global Alfvén Eigenmodes

The vorticity equation in nonlinear MHD theory, Eq. 2.31, has been
derived in Chapter 2 in the general case of shear Alfvén modes, and
describe both global and continuum perturbations. The assumption for
the derivation was that the modes are radially localized with respect to
the equilibrium scale length. We also consider that for typical tokamak
parameters the dynamics of the magnetic island is slow with respect of
the SAW dynamics (ωisl ≪ ω), as discussed in Sec. 2.2.3. Therefore,
we can neglect the nonlinearity due to the island velocity perturbation
and retain only the nonlinearity due to the island magnetic perturbation.
Moreover, we consider only modes with frequencies above the BAE-CAP
frequency. The study of lower frequency dynamics, where transit and
trapped particle can resonate with the wave, is out of the scope of this
dissertation. The correspondent kinetic effects can be included in the

64



framework of the gyro-kinetic theory [2, 40]. The last term of Eq. 2.31
was neglected for continuum modes, and cannot be neglected here for
global modes. In fact, it contains only one spatial derivative perpen-
dicular to the equilibrium (tokamak plus island) magnetic flux surfaces,
and therefore it is negligible with respect to the other terms only when
considering perpendicularly singular modes, such as continuum modes.
Consistently with these considerations, Eq. 2.31 can be rewritten in the
following form (by applying the operator (1/cL)(∂/∂t) and decomposing
in Fourier in time):

ω̃2

v2
A

∇2
⊥δφ+ i

ω

cL
B · ∇

(∇2
⊥

B
δA‖

)

− 4πiω

c2L
∇

(J‖
B

)

· (∇ × δA) = 0 (4.1)

where δφ and δA are respectively the perturbed SAW scalar and vector
potentials, and all other quantities refer to the equilibrium. The constant
cL is the speed of light, with label L for differentiating from the metric
function c, defined in Appendix 7.1. In ideal MHD, the scalar and vector
potentials are linked by the Ohm’s law, Eq. 2.34:

i
ω

cL
δA‖ =

B · ∇
B

δφ (4.2)

Here, ωBAE−CAP has already been included in the inertia term with the
definition of ω̃2 = ω2 − ω2

BAE−CAP , consistently with the discussion in
Sec. 2.2.2.

The set of Eqs. 4.1 and 4.2 can be cast in a single equation for δφ,
similarly to what we have done in Eq. 2.38 for continuum modes. We
obtain:

ω̃2

v2
A

∇2
⊥δφ+ ∇‖∇2

⊥∇‖δφ− 4π

cL
∇

(J‖
B

)

·
[

∇ × (∇‖δφ)
]

⊥
= 0 (4.3)

We have adopted the assumption that toroidicity effects are contained
in the BAE-CAP frequency to the leading order, and that we can neglect
higher order curvature effects. This allows us to consider a geometry
where the magnetic island is modeled as a straight flux tube, with non-
circular cross section. In Section 2.1, a set of cylinder-like coordinates
inside the magnetic island has been defined, named (ρ, θ, ζ), and in Ap-
pendix 7.1 the correspondent differential operators are given. For each
flux surface inside the magnetic island, labeled by the radial coordinate
x = ρ/ρsx, the cross section can be described by an eccentricity e(x),
which is given in Eq. 2.5. We note here, that the eccentricity parameter
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∆ defined in reference [12], is linked to e(x) by the formula: e(x) = 4∆/ρ,
corresponding to d∆/dρ = (e(x)+xe′(x))/4. We study the AE dynamics
in the proximity of a rational flux surface xs, where the eccentricity can
be linearized as e(x) = e(xs) + e′(xs) (x − xs). With these definitions,
we can write the differential operators ∇‖ and ∇⊥ in the form:

∇‖ = −ik‖ +
x

ρsx

Bθ
ph

B0

( d

dx

e(x)

4x

)

cos 2θ
∂

∂θ
(4.4)

and ∇2
⊥ = ∇2

0 + ∇2
1, with

ρ2
sx∇2

0 =
1

x

∂

∂x
x
∂

∂x
+

1

x2

∂2

∂θ2
, ρ2

sx∇2
1 = −

(

e(x) + xe′(x)
)

2
cos 2θ

∂2

∂x2
(4.5)

with k‖ = (ñ+ (i/q)∂/∂θ)/Z0. Here the mode has been written as

δφ = φ(x, θ) exp (−iñζ) (4.6)

where ñ is the mode number in the ζ-direction, by using the assump-
tion of translational symmetry along ζ , with 2πZ0 being the periodicity
length (defined in Sec. 2.1.2 as the length of the axisymmetric magnetic
field line). In this chapter, the safety factor q is intended to be the safety
factor defined inside the magnetic island, given by Eq. 2.15. We have
adopted a perturbative theory where the equilibrium flux surfaces have
nearly circular cross section, with the eccentricity e being the smallness
parameter. In fact, the last terms in Eqs. 4.4 and 4.5 are the corrections
of the order of e, and we will see that they are important only in a nar-
row layer centered at the rational surface xs. In this layer, modes with
different mode number along the θ direction are coupled by eccentricity,
allowing discrete modes to exist with frequency inside the ellipticity in-
duced MiAE gaps. Due to the steepness of the solutions near the rational
surface xs, only highest order radial derivatives have been retained in the
correction due to eccentricity in Eq. 4.5.

4.2.2 Eigenvalue problem

In this section, we write the MHD equation for global Alfvén Eigenmodes,
Eq. 4.3, in the form of an eigenvalue problem inside the magnetic island.
We adopt a perturbative theory, where the eccentricity e is the smallness
parameter. Consequently, we can start by writing the vorticity equation,
Eq. 4.3, in the coordinate system (ρ, θ, ζ), in the form:

(

L0 + L1

)

φ = 0 (4.7)
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where the operators L0 and L1 are defined as:

L0 φ = Ω2∇2
0φ− Z2

0k‖∇2
0k‖φ+

4πi

cL

Z2
0

ρ

d

dρ

(J‖
B

)

k‖
∂φ

∂θ
(4.8)

L1φ = −2Ω2 (e(x) + xe′(x))

4
cos 2θ φ′′+2Z2

0

(e(x) + xe′(x))

4
k‖

(

cos 2θk‖φ
′′
)

+

+ i
Bθ

ph

B0

ρZ2
0

4

d

dρ

(e(x)

ρ

)[

cos 2θk‖
∂φ′′

∂θ
+ k‖

(

cos 2θ
∂φ′′

∂θ

)

]

(4.9)

where x = ρ/ρsx, Ω2 = Z2
0 ω̃

2/v2
A was defined already in Eq. 3.1, and the

radial second derivative of φ has been denoted as φ′′. For small values of
e(x), the operator L1 is a higher order correction to L0, which represents
the leading order term of Eq. 4.7.

We remind here that the dependence of the perturbed scalar poten-
tial δφ on ζ has already been taken out, in Eq. 4.6. Due to the transla-
tional symmetry of our equilibrium along ζ , the Fourier decomposition
of modes with the quantum number ñ is well defined and the modes
are uncoupled. Now, we decompose the modes in Fourier series in θ:
φ(x, θ) =

∑

j φj(x) exp(ij θ). Due to the small eccentricity, this decom-
position describes modes which are weakly coupled. We want to write
Eq. 3.4 in the matrix form:

Djφj +Dj+2φj+2 +Dj−2φj−2 = 0 (4.10)

The operator Dj can be calculated by considering the case of vanishing
eccentricity. In fact, by using the fact that to lowest order in e(x), the
safety factor can be written as q(ρ) = ρBζ/Z0B

θ
ph(ρ) (see Eq. 2.14), we

write the radial derivative of the current as:

dJ‖
dρ

=
cL
4π

d

dρ

(1

ρ

d

dρ

(ρBθ
ph

B

))

= −B
m

1

ρ2

d

dρ

(

ρ3 d

dρ
k‖

)

With these substitutions, Dj can be written in the form of the Hain-Lüst
operator [6]:

Djφj =
1

ρ3

d

dρ
ρ3

(

Ω2 − Z2
0k

2
‖

) d

dρ

(φj

ρ

)

− j2 − 1

ρ2

(

Ω2 − Z2
0k

2
‖

)

(φj

ρ

)

(4.11)

For a cylindrical configuration, where e(x) = 0, then Eq. 4.7 reduces to
the Hain-Lüst equation: Djφj = 0. The contribute of eccentricity in
coupling the different modes, is contained in the operators Dj±2, which
are written as:

Dj±2 =
[(e(x) + xe′(x))

4

(

Z2
0k‖jk‖j±2 − Ω2

)

−
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−
Bθ

ph

B0

ρZ2
0

4

d

dρ

(e(x)

ρ

)

(j ± 2)
(

k‖j±2 + k‖j
)

] ∂2

∂ρ2
(4.12)

Equation 4.10, with the operators Dj and Dj±2 defined in Eqs. 4.11
and 4.12, is the eigenvalue equation describing Alfvén modes inside a
magnetic island. It has been written in a matrix form, and we have
emphasized the role of ellipticity in coupling the modes j and j ± 2.

Before moving further and solving Eq. 4.10, we want to show here,
that with Eq. 4.10 we can also recover the continuous spectrum struc-
ture (which was derived in Chapter 3) near the rational surface xs,
where modes j and j + 2 couple. To this extent, we note that near
this rational surface k‖j ≃ −k‖j+2 ≃ 1/(qsZ0), with qs = (j + 1)/ñ and
Ω2 ≃ Ω2

0 = 1/q2
s . Note that Ω0 is the intersection frequency of the contin-

uum branches in absence of ellipticity. Its value is the central frequency
of the MiAE gap, and therefore tends to ΩMiAE−gap, defined in Eq. 3.6,
near the island O-point, x = 0. In the limit of radially singular modes,
we can keep only the term with highest radial derivative in Eq. 4.11.
With these substitutions, we can describe the continuous spectrum near
the rational surface xs as a set of two equations:

(

Ω2 − Z2
0k

2
‖j

) ∂2

∂x2
φj − (e(x) + xe′(x))

2
Ω2 ∂

2

∂x2
φj+2 = 0 (4.13)

(

Ω2 − Z2
0k

2
‖j+2

) ∂2

∂x2
φj+2 −

(e(x) + xe′(x))

2
Ω2 ∂

2

∂x2
φj = 0 (4.14)

whose solution is found by setting the determinant of the coefficients to
zero. We obtain:

Ω2
± = Z2

0

k2
‖j + k2

‖j+2 ±
√

(k2
‖j − k2

‖j+2
)2 + (e(x) + xe′(x))2k2

‖jk
2
‖j+2

2
(

1 − (e(x) + xe′(x))2/4
)

(4.15)
At the rational surface, the difference of the two branches gives the gap
width ∆Ω in the continuous spectrum:

∆Ω = Ω+ − Ω− ≃ (e(x) + xe′(x))

2q
(4.16)

This formula explains well the gap formation in the case of small ec-
centricity e(x) ≪ 1, and represents the analytical explanation of the
numerical results shown in Fig. 3.3, in the regions near the rational sur-
faces.
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4.2.3 Magnetic island induced ellipticity-AE

In this section, we solve the eigenvalue equation for Alfvén modes inside
the island, Eq. 4.10, for global Alfvén Eigenmodes (AE), and provide the
dispersion relation. We have seen for continuum modes, that the ellip-
ticity has the effect of coupling continuum branches with mode numbers
j and j+2, with the consequent creation of gaps in the continuous spec-
trum. We will see here that ellipticity of magnetic island flux surfaces
is responsible of the existence of a global mode with discrete frequency
inside the gap (MiAE), analogously to ellipticity induced AE (EAE) in
tokamaks [12, 13, 38].

We derive the dispersion relation of ellipticity induced MiAE (or mag-
netic island induced EAE), with a technique of solution matching. This
perturbative procedure is used in boundary-layer theory to determine
analytically the approximate global properties of the solution of a differ-
ential equation. This procedure is applied by dividing the region inside
the magnetic island in two parts: a narrow layer centered at the ratio-
nal surface xs, where the operator Dj+2 gives a contribute of the same
order of magnitude of the operator Dj , and a region outside this layer,
where the operator Dj+2 can be neglected. The inner region, where the
coupling due to ellipticity is effective, is named inertial layer, and the
region outside the inertial layer, where the mode structure is essentially
the same as without coupling, is named external region. The solutions in
the inertial layer and in the external region can be calculated analytically
by using appropriate simplifications of the equation in the two different
cases. Then, the integration constants are used as free parameters to
match the solution values and derivatives at the border between the two
regions.

We start by solving Eq. 4.10 in the inertial layer. This can be done
analytically by noting that, due to the high derivatives inside the layer,
the second term in the operator Dj can be neglected. Moreover, we can
linearize all quantities near xs: Ω2 = Ω2

0 + 2 δΩ2, x = xs(1 + y), 1/q =
(1−ssy)/qs, Z

2
0k

2
‖j = (1+2jssy)/q

2
s , Z

2
0k

2
‖j+2 = (1−2(j+2)ssy)/q

2
s , with ss

the shear calculated at the rational surface xs. With these simplifications,
and defining ξj = φj/ρ, Eq. 4.10 takes the form:

∂

∂y

(δΩ2

Ω2
0

− jssy
) ∂

∂y
ξj − (e(xs) + xse

′(xs))

4

∂2

∂y2
ξj+2 = 0 (4.17)

∂

∂y

(δΩ2

Ω2
0

+ (j + 2)ssy
) ∂

∂y
ξj+2 − (e(xs) + xse

′(xs))

4

∂2

∂y2
ξj = 0 (4.18)
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The solutions in the inertial layer are [38]:

ξj =
1√
j

(Cj+2 + λCj√
1 − λ2

α− Cj ln cosα + Aj

)

(4.19)

ξj+2 =
1√
j + 2

(Cj + λCj+2√
1 − λ2

α+ Cj+2 ln cosα+ Aj+2

)

(4.20)

where Aj , Aj+2, Cj and Cj+2 are four integration constants, λ is defined

as λ = 4(j + 1)δΩ2/(Ω2
0

√

j(j + 2)(e(xs) + xse
′(xs))) and α is defined in:

y =
(e(xs) + xse

′(xs))

4ss

√

j(j + 2)

( λ

j + 1
+
√

1 − λ2 tanα
)

(4.21)

Next, we solve Eq. 4.10 in the external region. In the external region,
we can neglect the operator Dj+2 with respect to Dj, recovering the
Hain-Lüst equation for the uncoupled modes:

1

ρ

d

dρ
ρ3ǫj

d

dρ
ξj − (j2 − 1)ǫjξj = 0 (4.22)

1

ρ

d

dρ
ρ3ǫj+2

d

dρ
ξj+2 − ((j + 2)2 − 1)ǫj+2ξj+2 = 0 (4.23)

where ǫj =
(

Ω2
0−Z2

0k
2
‖j

)

. Compare Eq. 4.22 and Eq. 4.23 with the analo-
gous equation defined in the slab model, Eq. 1.5, in Sec. 1.2. Consistently
with the perturbative theory procedure, we have assumed here that the
frequency of the Eigenmode can be approximated in the external region
by the unperturbed frequency Ω0, namely the intersection frequency of
the continuum branches in absence of ellipticity. The solution in the
whole region inside the magnetic island can be found numerically by
knowing the safety factor profile, q(x), and therefore k‖. Here, we want
to calculate analytically the asymptotic limit of the solution near the
rational surface xs. This can be done, by neglecting the second term
in Eqs. 4.22 and 4.23, namely keeping only the highest radial derivative
terms. By linearizing the function ǫj near x = xs, we obtain two equa-
tions of the form dy y dy ξj = 0. The solutions for j and j + 2, on both
sides of the inertial layer (labeled here as + and −), are:

ξ+
j = K+

j

(

ln |ǫ′y|+ b+j

)

, ξ−j = K−
j

(

ln |ǫ′y| + b−j

)

(4.24)

ξ+
j+2 = K+

j+2

(

ln |ǫ′y| + b+j+2

)

, ξ−j+2 = K−
j+2

(

ln |ǫ′y| + b−j+2

)

(4.25)

as mentioned also in Sec. 1.2. The integration constants are named K±,
and the ratio of the constant and logarithmic parts of the solutions is
described by the functions b±.
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Figure 4.1: Structure of the eigenfunction for the j-th component of the
magnetic island induced Alfvén Eigenmodes. The O-point of the island is
at x = 0 and the separatrix at x = 1. The rational surface is at x = xs. In
a narrow region centered at the rational surface, called inertial layer, the
modes with mode number j and j + 2 couple due to the finite ellipticity
of the magnetic island flux surfaces. In the external region, the mode
structure is the solution of the Hain-Lüst equation for the modes j and
j + 2, Eqs. 4.22 and 4.23.
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The last step of the procedure of the solution matching is imposing the
continuity of the solutions at the two borders between the inertial layer
and the external region. We have found 4 integration constants in the
inertial layer (Aj , Aj+2, Cj and Cj+2), and 8 integration constants in the
external region (K±

j , K±
j+2, b

±
j and b±j+2) for the solutions corresponding

to the mode numbers j and j+2, totalling 12 integration constants. Each
mode number has 1 equation for the matching of the logarithmic part
of the solution and 1 for the constant part of the solution, for each of
the two borders, therefore in total the equations are 8 for the two mode
numbers. The 4 equations for the matching of the logarithmic terms are:

K+
j = K−

j =
Cj√
j
, K+

j+2 = K−
j+2 = − Cj+2√

j + 2
(4.26)

and, after having eliminated the coefficients Aj we are left with two
equations for the matching of the constant terms:

π
Cj+2 + λCj√

1 − λ2
= Cj(b

+
j − b−j ) (4.27)

π
Cj + λCj+2√

1 − λ2
= −Cj+2(b

+
j+2 − b−j+2) (4.28)

After having applied these equations, the remaining free parameters are
4: b±. These can be calculated as:

b± = lim
x→x±

s

( ξ±

y ξ′±
− ln |ǫ′y|

)

(4.29)

by solving numerically Eqs. 4.22 and 4.23, imposing the regularity bound-
ary conditions (ξ = 0) at x = 0 and x = 1.

Finally we can calculate the dispersion relation by setting the de-
terminant of Eqs. 4.27 and 4.28 to zero, and solving for λ. The result
is:

ΩMiAE =
1

qs

(

1 +

√
j
√
j + 2

j + 1

e(xs) + xse
′(xs)

4
δ
)

(4.30)

where

δ =
(b+j − b−j )(b+j+2 − b−j+2) + π2

π
(

(b+j+2 − b−j+2) − (b+j − b−j )
) (4.31)

In the limit of small eccentricity, e(x) ≪ 1, the gap width is very small
and the frequency of MiAE is in the proximity of the intersection fre-
quency of the continuum branches: ΩMiAE ≃ Ω0. Close to the O-point,
the intersection frequency of the continuum branches is the central fre-
quency of the MiAE-gap defined in Eq. 3.6: Ω0(x ≃ 0) = ΩMiAE−gap.
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4.3 Global modes with kinetic effects

4.3.1 Eigenvalue problem with kinetic effects

In this section, we face the problem of shear Alfvén mode stability inside
a magnetic island, with a fluid model where we add also kinetic effects,
in particular effects of finite Larmor radius (FLR). These are shown to
be crucial to determine the dynamics of the modes in a plasma where the
factor k⊥̺i is not negligible, giving rise to a class or modes which take the
name of Kinetic Alfvén Eigenmodes (KAE). Here the ion Larmor radius
is defined as ̺i = vti/

√
2ωci, where vti =

√

2T/mi is the thermal velocity
and ωci = eB/mic is the ion gyro-frequency. The model equations we
adopted in the previous sections, are the equations of ideal MHD, namely
fluid equations where (ion) Larmor radius effects are neglected, under the
assumption they are much smaller than the length scales of the modes,
and therefore they don’t enter the mode dynamics. We have seen ellip-
ticity induced MiAE exist with frequency inside the continuum gap, and
we will show here that, by adding kinetic effects, another solution of the
eigenvalue problem can be found, with frequency outside the continuum
gap. This means that a necessary boundary condition for such a mode,
is to be vanishing at the flux surface where continuum damping occurs.

The model equations we adopt here, are the vorticity equation, Eq. 4.1
and the Ohm’s law, Eq. 4.2, modified in order to take into account of
the finite, but small value of k⊥̺i. The kinetic terms are added to the
model equations following the conceptual scheme given by Rosenbluth
and Rutherford [39]. Vorticity equation and Ohm’s law are written in
the starting form:

(

1 +
3

4
̺2

i (1 + q2δkin)∇2
⊥

) ω̃2

v2
A

∇2
⊥φ+ i

ω

cL
B · ∇

(∇2
⊥

B
A‖

)

−

− 4πiω

c2L
∇

(J‖
B

)

· (∇ × A) = 0 (4.32)

E‖ = −B · ∇
B

φ+ i
ω

cL
A‖ = E‖kin (4.33)

where, with respect to Eq. 4.1 and Eq. 4.2, a term proportional to
(3/4)̺2

i (1+ q2δkin)∇2
⊥ has been added to the inertia term of the vorticity

equation, and a term E‖kin to the Ohm’s law. Note that the parallel
component of the electric field is zero only in ideal MHD, but is nonzero
when kinetic effects are considered. The form of δkin and E‖kin has been
left implicit on purpose, and an explicit form will be given once the
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eigenvalue problem is set. Now we write the differential operators as in
Section 4.2.1, namely ∇2

⊥ = (1/ρ)dρρ dρ − j2/ρ2 and (B · ∇)/B = ik‖(ρ),
where dρ = d/dρ, and substitute the perturbed vector potential A‖ in
Eq. 4.32 in terms of the perturbed scalar potential φ, from Eq. 4.33. We
obtain:

1

ρ3

d

dρ
ρ3

(

Ω2 − Z2
0k

2
‖

) d

dρ
ξ − j2 − 1

ρ2

(

Ω2 − Z2
0k

2
‖

)

ξ

+
3

4
̺2

i (1 + q2δkin)Ω2
( 1

ρ3

d

dρ
ρ3 d

dρ
− j2 − 1

ρ2

)( 1

ρ3

d

dρ
ρ3 d

dρ
− j2 − 1

ρ2

)

ξ+

+ i
[ 1

ρ3

d

dρ
ρ3Z2

0k
2
‖

d

dρ

(E‖kin

ρk‖

)

− j2 − 1

ρ2
Z2

0k
2
‖

(E‖kin

ρk‖

)]

= 0 (4.34)

where ξ = φ/ρ. We note that Eq. 4.34 is a generalization of the Hain-
Lüst equation, defined in the operator in Eq. 4.11, that can be recovered
here in the limit ̺i d/dρ → 0 (and neglecting E‖kin, that will be shown
to be proportional to ̺2

i d
2/dρ2 as well), namely using the hypothesis of

validity of the ideal MHD regime. On the other hand, if FLR effects are
retained, we note that higher order radial derivatives have been added to
the Hain-Lüst equation. The smallness parameter ̺i defines a new scale
of the system, that modifies substantially the dynamics when the mode
length scale is comparable with ̺i, i.e. when ̺i d/dρ is not negligible.
This separation of scales is common not only in plasma physics, where it
can be given by non-ideal effects such as kinetic effects, resistivity or finite
electron inertia, but it is common more generally in fluid physics, the
most famous representative equation being the Navier-Stokes equation.
In the Navier-Stokes equation, the smallness parameter is the viscosity η,
that determines the separation of scales between the ideal region, where
η d/dρ is negligible and the system is described by the Euler equation,
and the non-ideal region, a narrow boundary layer where η d/dρ is not
negligible. In the following, we will focus on modes where ̺i d/dρ is not
negligible.

Here, if we make the assumptions that ρ d/dρ ≫ 1 and ̺i d/dρ ≤ 1,
namely focusing on modes with short characteristic length scales, Eq. 4.34
is greatly simplified:

3

4
̺2

i (1+q2δkin)Ω2 d
4

dρ4
ξ+

(

Ω2−Z2
0k

2
‖

) d2

dρ2
ξ+iZ2

0k
2
‖

d2

dρ2

(E‖kin

ρk‖

)

= 0 (4.35)

In the next Section, an explicit form of δkin and E‖kin in terms of the
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equilibrium plasma parameters and of the perturbed function ξ is given,
and the eigenvalue problem is studied.

4.3.2 Magnetic island induced kinetic-AE

Here, we give an explicit form of the eigenvalue equation, Eq. 4.35, sub-
stituting the values of the kinetic terms as suggested in reference [41].
The existence of the solutions is studied by imposing as boundary condi-
tions that the values vanish where the continuum damping acts. These
solutions correspond to KAE located inside the magnetic island. The
eigenvalue equation, Eq. 4.35, is written as:
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where
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(4.37)

Here ω̂ = ω/ωti and ωti = vti/qZ0 is the transit frequency. The functions
used in Eq. 4.37 are defined in Sec. 7.2. The function Z(ω̂) is the plasma
Z-function [42]. In the limit ω̂ ≫ 1 (i.e. far from the BAE-CAP), from
the expression of S0(ω̂), assuming (q2(7/4+ τ) ≫ 1) with τ = Te/Ti, one
can show:
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(4.38)
The eigenvalue equation, Eq. 4.36, can be put in the form of a Schrödinger
equation, introducing the plasma displacement ξ′ = dξ/dρ and integrat-
ing the whole equation over ρ:

d2

dρ2
ξ′(ρ) +

(Ω2 − Z2
0 k

2
‖(ρ))

̺2
i Ω

2(3/4 + q2S0(ω̂)/ω̂)
ξ′(ρ) = const. = 0 (4.39)

The value of the constant at the RHS can be set to zero here, because
we are looking for localized solutions, namely solutions decaying expo-
nentially far from the peak position. In fact, the constant at the RHS is
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Figure 4.2: Kinetic Alfvén Eigenmodes (dotted lines) induced inside a
magnetic island in the proximity of the ellipticity induced MiAE gap.
The SAW continuous spectrum, calculated in Chapter 3, is also shown
as a continuous line. These modes are the analogous of kinetic Alfvén
Eigenmodes in tokamaks [43], where the only difference is the structure
of the equilibrium inside the magnetic island, which is described by the
structure of the continuous spectrum.
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again a term determined by the equilibrium profiles, and it is important
to study the MHD solutions, which are not considered in this section.

Looking at Eq. 4.39, we can see that, if the denominator of the po-
tential function is positive, then the solution ξ′(ρ) is oscillating when
the numerator is positive and is exponentially decaying or growing when
the numerator is negative. We look for a localized solution inside the
magnetic island. This means that a physical solution of our problem has
to be oscillating in a localized region, to be vanishing at the continuum
damping location, and to be exponentially decaying outside this region,
in order not to approach the magnetic island separatrix. It has been
proved that the value of Re(3/4 + (q2/ω̂)S0) can be negative only for
q < 2.6 (see Reference [41]). On the other hand, we have seen in Sec. 2.1
(see Fig. 2.3), that for typical magnetic island size, we have q > 2.6,
and therefore the denominator is always positive. Therefore, for typical
values of plasma parameters, corresponding to a positive denominator,
a physical solution (i.e. a solution whose eifenfunction is vanishing at
±∞) has frequency which is above the MiAE-gap, as shown in Fig. 4.2
and 4.3.

4.4 Summary

In this chapter, we have studied the existence of global Alfvén Eigen-
modes (AE), namely AE with a discrete frequency and a finite radial
width, inside the magnetic island. We have adopted a model for the equi-
librium, where the tokamak curvature is contained only in the definition
of the normalized frequency. In other words, the equilibrium has been
chosen as a straight flux tube, modeling the region inside the magnetic is-
land. This allows us to focus on the main mechanism of formation of AE
inside the island: namely eccentricity of the flux surfaces. Moreover, we
have studied the existence AE due to the effect of finite Larmor radius.
The case of small eccentricity of the flux surfaces has been considered in
this chapter, for this is the case affordable with analytical techniques.

The first result has been that MHD theory predicts the existence of
global AE with frequency inside the continuum gap described in Sec. 3.1.
This means that these modes are practically unaffected by continuum
damping. In fact, the equilibrium magnetic field profile inside a magnetic
island hosts potential wells where AE can grow unstable. The eigenvalue
equation has been derived and solved analytically with a techinque of
solution matching. As a result, we provide the dispersion relation of
ellipticity induced MiAE (or MiEAE).
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Figure 4.3: Schematic picture of Alfvén Eigenmodes inside a magnetic
island. Kinetic AE are depicted in blue and ellipticity induced AE in
red. The continuous spectrum is also shown, as a dotted line (compare
with Fig. 3.3).
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Moreover, the contribution of FLR terms was found to be crucial to
create another potential well for AE. The theoretical model adopted to
study AE taking into account FLR effects, is found in references [39, 41].
These modes with characteristic length scale is of the order of the ion
Larmor radius, have been identified as kinetic MiAE (or MiKAE). Their
frequency is predicted to be above the MiAE ellipticity gap. They have
been described as localized in a region close to the rational surface, and
their perturbed field is predicted to be vanishing outside this region.

In order to calculate the growth rate of MiEAE and MiKAE inside
a magnetic island in a tokamak, a further study of driving and damping
mechanisms is required, taking into account of resonances with thermal
and energetic particles, which is out of the scope of this dissertation.
We expect the driving mechanism to be given mainly by energetic parti-
cles radial nonuniformities. On the other hand, MiAE could nonlinearly
interact with energetic particles and affect their redistribution in the
proximity of the magnetic island rational surface.
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Chapter 5

Beta induced AE in the
presence of an island

5.1 Introduction

The radial structure of the SAW continuous spectrum in the presence
of a magnetic island has been studied in Chapter 3, both inside and
outside the magnetic island. The structure of the continuous spectrum
has given us information on where global instabilities can grow, free of
continuum damping. Inside the magnetic island, we have found gaps
in the continuous spectrum breaking the intersection of the continuum
branches of modes with different poloidal mode number j. In particular,
large gaps are found at the intersection between modes with j and j+2,
induced by ellipticity of the flux surfaces. These gaps in the continuous
spectrum make the existence of ellipticity induced MiAE inside the island
possible.

Global instabilities can grow also at frequencies lower than the beta-
induced Alfvén Eigenmode continuum accumulation point (BAE-CAP).
In fact, in our fluid model, continuous spectrum has frequencies only
above the BAE-CAP. This means that Alfvénic instabilities with fre-
quencies below the BAE-CAP are not affected by continuum damping.
The main instability with frequencies below the BAE-CAP, is the beta
induced Alfvén Eigenmode (BAE) [15, 22, 23]. In this chapter, we discuss
the nonlinear modification of the BAE frequency, due to the presence of
a magnetic island.

In the first section, the main characteristics of BAE are recalled, and
the linear dispersion relation is provided, as a result of the gyro-kinetic
analysis. In the second section, we provide the nonlinear modification

81



of the BAE frequency as a result of the upward shift in the BAE-CAP,
discussed in Sec. 3.2. In the third section we discuss experimental obser-
vations of BAE in the FTU tokamak. Finally, the last section is devoted
to a comparison between our theoretical predictions, and the experimen-
tal data.

5.2 Beta induced Alfvén Eigenmodes

Beta induced Alfvén Eigenmodes (BAE) are Alfvénic instabilities grow-
ing in tokamak plasmas [14, 22, 23]. The BAE frequency lies in the BAE
gap in the lower frequency part of the continuous spectrum. This gap
is due to a coupled effect of curvature and compressibility, where com-
pressibility is expressed by a finite β, β being the ratio of thermodynamic
and magnetic pressures. The upper extremum of the BAE gap is named
BAE continuum accumulation point (BAE-CAP). The value of the BAE-
CAP calculated in fluid theory [14] was given in Eq. 2.41 and the value
calculated in gyro-kinetic theory [23], was given in Eq. 2.43.

BAE are known to interact nonlinearly with the fast particle popu-
lation. In particular, they can cause energetic ion losses, and therefore,
they are as problematic as the toroidicity induced Alfvén Eigenmodes
with respect to alpha particle confinement in fusion devices. They are
known to be driven by fast ions during neutral beam injection heating,
but they were found recently also in purely ohmic heated plasmas, in the
Frascati Tokamak Upgrade (FTU) [28, 32]. These observations, showed
a clear empirical correlation between the dynamics of BAE and mag-
netic islands. In particular, the BAE frequency was found to depend on
the magnetic island amplitude [31], and BAE were seen only when the
magnetic island amplitude was over a certain threshold. This empirical
evidence was the basis for conjecturing that, in fact, BAE can be driven
by nonlinear coupling with magnetic islands.

In this section, we recall the results obtained in the framework of
gyro-kinetic theory, about the BAE dispersion relation, in the limit of
vanishing magnetic islands [32, 44], whereas in the next section we pro-
vide the nonlinear frequency modification due to the presence of the mag-
netic island. The dispersion relation of BAE can be derived by matching
asymptotically the solution obtained in a narrow inertial layer centered
at the rational surface, where kinetic effects are important [44], and the
solution obtained in the so-called ideal region, namely far from the iner-
tial layer, where kinetic effects can be neglected [45]. Since we want to
study modes interacting with a magnetic island, we consider BAE with
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tearing symmetry, namely with odd parallel component of the vector
potential δA‖. The result, taking into account toroidicity, finite Larmor
radius (FLR) effects and finite banana orbit width (FOW) effects, is [32]:
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where Γ is the complex Gamma function [46], ŝ is the magnetic shear,

∆′ = r0[d ln δA‖/dr]
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Here the characteristic frequencies are ω∗ns = [(Tsc)/(esB)](k × b) ·
(∇n)/n, ω∗Ts = [(Tsc)/(esB)](k × b) · (∇Ts)/Ts, ni = n is the ion den-
sity, ω∗ps = ω∗ns +ω∗Ts, ωti =

√

2Ti/mi/(qR0), and FBAE , GBAE , NBAE ,
DBAE and SBAE are defined in Appendix 7.2. The subscript s stands for
a particle species index (s=i for ions and s=e for electrons). The term
proportional to ω2/ω2

A in Λ is the usual polarization current contribu-
tion, whereas the other term is due to geodesic curvature coupling; in
Q̃2 the term proportional to 3/4 represents the FLR effects, the second
term contains the FOW effects and the third term reproduces the known
result for KAW [5], i.e. Q̃2 = (3/4 + Te/Ti)(ω/ωA)2ŝ2k2

θ̺
2
i , in the limit

ωti/ω → 0, ω∗pi/ω → 0.
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5.3 Nonlinear modification of the BAE fre-

quency

The dispersion relation given in Eq. 5.1, was obtained in the framework of
linear gyro-kinetic theory, and describes BAE in an equilibrium without
magnetic islands. In this section, we derive the nonlinear modification
with a perturbative theory approach. Then in next sections, knowing the
linear dispersion relation and the nonlinear shift in frequency due to the
presence of the island, we can compare the theoretical frequency scalings
with the experimental data.

We want to study the BAE nonlinear dynamics by adopting a per-
turbative theory. This means that, in our model, we consider BAE as
Alfvénic instabilities with an eigenfunction peaked around the rational
surface, and with a characteristic radial size which is supposed to be
much larger than the magnetic island’s width. We want to derive the
modification in the BAE frequency, due to the presence of the magnetic
island, in this framework. The BAE frequency in linear theory, named
here fBAE,0, has been given in Eq. 5.1, and the result is a value which lies
below the BAE-CAP value, given by Eq. 2.43 in normalized frequencies
Ω (and by Eq. 3.8 in non-normalized frequencies f = ω/(2π)).

In chapter 3, we have seen that the change in the equilibrium magnetic
field, due to the presence of the magnetic island, results in a change in
the structure of the continuous spectrum. In particular, inside the island
a structure similar to the continuous spectrum in tokamaks is formed,
and outside the island an upward shift in the continuum accumulation
point is found, resulting in a nonlinearly modified BAE-CAP, expressed
by Eq. 3.18. The value of the nonlinearly modified BAE-CAP frequency
can be also written in non-normalized frequencies f as in Eq. 3.19, that
is repeated here for convenience:

fnlBAE−CAP = fBAE−CAP

√

1 +
q2
0s

2n2
isl

4

W 2
isl

r2
0

f 2
A

f 2
BAE−CAP

(5.4)

Where all parameters are calculated at the rational surface, and Wisl is
the magnetic island half width.

Now, we assume that the contribute of the continuous spectrum mod-
ification inside the magnetic island is negligible with respect to the con-
tribute outside the magnetic island, in modifying the BAE dispersion
relation. This is consistent with the perturbative theory approximation,
where the magnetic island is small with respect to the BAE radial size.
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Figure 5.1: Schematic picture of the continuous spectrum f 2(rT ) of
modes with the same helicity as the magnetic island. Here a tokamak
equilibrium is considered, with and without magnetic island. In an equi-
librium without magnetic island the continuous spectrum is depicted by
the dotted parabola, the frequency of the BAE-CAP (positioned at the
rational surface r0) is given by Eq. 2.43, and the BAE is depicted by a
horizontal dotted line, labeled BAE,0. In an equilibrium with a magnetic
island, the BAE-CAP splits in two nonlinear modified BAE-CAPs, and
the BAE is expected to have a higher frequency, given by Eq. 5.5. The
separatrix positions are labeled by r sx1 and r sx2, and the magnetic
island half-width is given by Wisl = |r sx− r0|.
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Outside the island, we have shown in Chapter 3 that the main modifica-
tion of the continuous spectrum due to the presence of the island is the
upward shift in frequency of the BAE-CAP, resulting in the nonlinearly
modified BAE-CAP described by Eq. 5.4. We can reasonably assume
that the shift in frequency of the BAE due to the presence of the island
follows linearly the modification of the equilibrium, which results in the
shift in frequency of the BAE-CAP. Therefore, by assuming a perturba-
tively small magnetic island, we can finally obtain the value of the BAE
frequency as a function of the magnetic island width:

fBAE = fBAE,0

√
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q2
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2n2
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4

W 2
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0

f 2
A

f 2
BAE−CAP

(5.5)

where fBAE,0 is the frequency of BAE for a vanishing magnetic island,
obtained by solving Eq. 5.1, and fBAE−CAP is given in Eq. 3.8. In Fig. 5.1,
a schematic picture of the continuous spectrum of modes with the same
helicity as the magnetic island is shown, and the BAE is shown, with
frequency below the nonlinearly modified BAE-CAP.

One can further simplify Eq. 5.5, by linearizing it in the magnetic
island amplitude, as done for the central frequency of the MiAE gap
(Eq. 3.7), obtaining an approximate value:

fBAE ≃ fBAE,0 +
q2
0s

2n2
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0

f 2
A

fBAE−CAP
(5.6)

Again, the regime of validity of the linear approximation is given by:

Wisl

r0
≪ 2

q0|s|nisl

fBAE−CAP

fA
∼

√
β

q0|s|nisl

Where, even for low-beta plasmas, the order of magnitude of the island-
induced frequency shift in the BAE-CAP frequency can be comparable
with the BAE-CAP frequency itself.

In the following sections, we will discuss experimental observations of
BAE in FTU tokamak, and we will compare the experimental frequency
scaling with our theoretical prediction.
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5.4 Experimental observations

FIG. 5.2 shows a spectrogram from Mirnov coils for FTU shot #25877
(see Ref. [47]). The lower lines (0 ≤ fexp ≤ 10 kHz) represent an
(misl, nisl) = (−2,−1) magnetic island that forms, then locks and un-
locks several times. The loching and unlocking of the magnetic island is
due to the interaction with the metal external arms of the tokamak vessel,
which is stronger the wider the magnetic island is. The lines at higher
frequencies (30 kHz ≤ fexp ≤ 65 kHz) have been interpreted as BAE in
a previous work [32] based on linear kinetic analysis neglecting the mag-
netic island induced frequency shift. Several harmonics of the same BAE
mode are found, the dominant one having a frequency of 40-50 KHz. The
observed frequency splitting of the mode is due to the Doppler shift (for
the BAE propagate with the same velocity in opposite directions in the
frame of reference of the magnetic island) and vanishes when the island
locks [28, 32]. In the interval 0.20 s ≤ t ≤ 0.25 s fexp increases, the same
phenomenology appearing after each mode unlocking. The magnetic is-
land width can be measured with a soft X-Ray diagnostic. FIG. 5.2 shows
a soft X-ray tomographic reconstruction of the plasma displacement ∆
measured at various radial positions and times in FTU shot #25877. The
displacement at q = 2 (r = 14 cm) corresponds to a saturated magnetic
island. The island width oscillates in time around a saturated value of
∆ ≃ 3cm, corresponding to an half width of Wisl ≃ 1.5 cm.

Looking closely at the first fexp increase in FIG. 5.2, it is possible
to plot the frequency versus the island magnetic field fluctuation for the
strongest mode, i.e. the one with fexp ∼ 45 kHz. The actual mode
frequency is approximately the average of the two branches. FIG. 5.3
shows fexp versus Bisl/Bpol,0, from which a linear scaling is clearly seen
for small values of the island width. In this plot the value of Bisl/Bpol,0 is
obtained by appropriate rescaling of Mirnov coil measurements, consis-
tently with the direct measurement of the island width from soft X-Rays
tomographic data presented in FIG. 5.2. In section 5.5 we compare the
experimental data shown in FIG. 5.3 with the theoretical BAE frequency
given by Eq. 5.5. Most of the quantities can be taken directly from the
experimental observations. On the other hand, the ion temperature Ti

and the magnetic shear s cannot be measured directly. An approxi-
mate value can be estimated by predictive simulations with the JETTO
code [48]. The uncertainty remaining in the value of Ti and s is used here
as a free parameter in the small domain of allowed values given by the
JETTO code, in order to achieve a better agreement between theoretical
predictions and experimental observations (see Fig. 5.3).
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Figure 5.2:
Upper figure: Spectrogram (i.e. spectral amplitude versus time t and
frequency fexp) of the signal from poloidal field Mirnov coils in FTU shot
#25877.
Lower figure: Soft X-Ray tomography, showing the plasma displacement
∆ versus time and radial position. At q = 2 (r = 14cm), the displacement
∆ ≃ 3cm corresponds to a magnetic island half width of Wisl = 1.5cm.
These experimental data are taken from reference [47].
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5.5 Interpretation of the experimental data

In section 5.4, we have presented data relative to experimental observa-
tions of BAE in FTU plasma shot #25877, in the presence of a mag-
netic island [47]. The BAE frequencies have a clear dependence on the
magnetic island size, starting from f ≃ 34 kHz for vanishing island and
reaching f ≃ 45 kHz when the island is saturated at Bisl/Bpol ≃ 3.5·10−3

(corresponding to ∆ = 2Wisl ≃ 3cm if we take s = 0.6). This scaling
is consistent with Eq. 5.5, where the BAE theoretical frequency is given
as a function of Wisl/r0. During the island growth, the observed mode
frequency increases roughly linearly, in the early phase, when the island
is small (consistently with Eq. 5.6). In order to calculate the BAE fre-
quency with Eq. 5.5, we first estimate the Alfvén frequency and the BAE-
CAP frequency. The Alfvén frequency can be calculated by knowing that
R0 = 93 cm, and B0 = 5.8·104G, obtaining fA = 1.2·103 kHz. The BAE-
CAP frequency can be estimated as fBAE−CAP ≃ 68 kHz, consistently
with JETTO data of temperatures oscillating at Te = Ti = 0.6−0.7 keV.
The fact that observed mode frequencies fall below those of the BAE-
CAP, confirms the interpretation of these fluctuations as BAE nonlinearly
interacting with the magnetic island [32].

The magnetic shear is the parameter which is estimated with more
uncertainty. Here, by knowing that the saturated island is 3cm wide, we
have rescaled the magnetic field values obtained at the Mirnov coils, con-
sistently with this magnetic island width, and assuming s = 0.6. With
the same assumption, we have calculated the theoretical BAE frequency
with Eq. 5.5. The comparison of experimental data and theoretical pre-
diction is given in Fig. 5.3. We see that a good agreement is found, for
this value of magnetic shear, at low magnetic island amplitudes. On
the other hand a discrepancy is found at magnetic island amplitude with
Bisl/Bpol,0 > 2·10−3. Therefore, we can state that the perturbative theory
gives consistent results only for low magnetic island amplitudes. For van-
ishing island amplitudes, the theoretical prediction approaches the value
of fBAE,0 ≃ 34 KHz. It is worthwhile noting here, that BAE are detected
in this FTU shot, only above the threshold of Bisl/Bpol,0 = 0.7 · 10−3.
This means that the available free energy can balance the damping (due
to ion Landau damping), only above a certain magnetic island size. Some
attempts of modeling the drive mechanism have been made recently [36].
Nevertheless a model predicting at the same time this value of threshold
and the shift in frequency of BAE does not exist at the moment. This
problem is out of the scope of this dissertation, and will be treated in a
dedicated paper.
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Figure 5.3: BAE frequency versus magnetic island amplitude, for the first
fexp increase displayed in FIG. 5.2. The circles are experimental data,
as obtained by Mirnov coil measurements of perturbed magnetic field,
and the red dotted line is the theoretical prediction given by Eq. 5.5,
obtained by choosing s = 0.6. The upper x-axis is the magnetic island
half width square, and the lower x-axis is the ratio of island and poloidal
magnetic fields. For this shot, BAE are detected only above a certain
threshold in magnetic island amplitude: Bisl/Bpol,0 = 0.7 · 10−3. Note
that the theoretical prediction, which is derived for perturbatively small
magnetic island, is in agreement with the experimental data for the lowest
values of island amplitude, whereas there is a divergence at higher island
amplitudes. These experimental data are taken from reference [47].
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5.6 Summary

In Chapter 3, we have shown that the SAW continuous spectrum of
a finite-beta tokamak plasma in the presence of a magnetic island still
presents the beta-induced gap at low-frequencies, and that the gap width
is changed by the presence of the island. This window in the Alfvén
continuum, namely 0 < f < fBAE−CAP , allows BAE to grow free of con-
tinuum damping in the proximity of the BAE continuum accumulation
point [14, 22, 23, 44, 49]. We have also shown that new local structures
of the SAW continuum are formed due to the presence of the magnetic
island and that new continuum gaps (MiAE gaps) arise at higher frequen-
cies. At frequencies f > fBAE−CAP new eigenmodes could grow inside the
magnetic island, in the presence of a suitable driving free energy source.
The substantial difference between these two frequency windows is given
by the radial continuum structure. In fact, a mode with frequency inside
the beta-induced gap can extend radially outside the separatrix without
resonantly exciting the SAW continuum. On the other hand, a mode
inside the MiAE gap is localized inside the magnetic island.

At frequencies lower than the BAE-CAP, we have seen that modes
named BAE can grow and extend outside the island, and therefore be
detected by Mirnov coils diagnostics located outside the tokamak. The
linear dispersion relation of BAE was calculated recently in the frame-
work of gyro-kinetic theory, in the limiting case of vanishing magnetic
island. Here, we have calculated the nonlinear frequency shift due to
the presence of the island, by adopting a perturbative theory where the
magnetic island is supposed to be thin with respect to the BAE radial
size. The theoretical BAE frequency has been compared with experi-
mental data of BAE observed in FTU. The agreement of theoretical and
experimental data has been found at low magnetic island amplitudes,
whereas a discrepancy has been found at higher magnetic island am-
plitudes. Moreover, the observations show that BAE are detected only
above a certain threshold in magnetic island amplitude. This suggests
that the drive mechanism depends on the magnetic island amplitude,
and balances the damping mechanism only above a certain threshold in
the magnetic island size. The problem of BAE drive is not treated here,
and will be faced in a dedicated paper.
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Chapter 6

Conclusions

6.1 Motivations

In this dissertation, we have considered the dynamics of Aflvén modes
in an equilibrium with a quasi-static magnetic island. Continuum modes
and global modes have been considered both inside and outside the mag-
netic island. Continuum modes are singular structures that form when
a shear Alfvén wave (SAW) in a nonuniform plasma approaches a res-
onance surface. Global Alfvén modes (AE, also called discrete Alfvén
modes, because they have a discrete frequency), are modes with finite
radial size and are eigenstates of the system.

The spectrum of continuum resonances is named continuous spec-
trum. Understanding the radial structure of the SAW continuous spec-
trum is one of the main aims in facing the MHD stability property of a
tokamak equilibrium. In fact, continuum damping is one of the main
damping mechanisms of shear Alfvén instabilities, and occurs at the
resonant flux surfaces where the mode frequency is resonant with the
continuous spectrum frequency. Therefore, a mode is not affected by
continuum damping and can more easily grow unstable if its frequency
lies in a gap of the continuous spectrum.

Global Alfvén modes are plasma instabilities whose characteristic fre-
quency is of the same order of magnitude of energetic particles transit
frequency. Energetic particles are present in the plasma as a product of
fusion reactions, or as an effect of external plasma heating. Global Alfvén
modes can resonantly interact with energetic particle populations, caus-
ing loss of confinement. For this reason, understanding the continuous
spectrum structure and the stability of global Alfvén modes is one of the
crucial problems, if one faces the stability problem of a tokamak plasma
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and its potential impact on reaching the ignition condition.

6.2 Shear Alfvén wave continuous spectrum

The radial structure of the continuous spectrum of SAW is calculated in
this dissertation in an equilibrium inside and outside a magnetic island
flux tube. The equilibrium is considered to be static, due to the time
scale separation between the magnetic island dynamics and the faster
SAW dynamics. The flux tube is considered to be straight, in order to
focus on the effects of the non-circularity of the cross section. Curvature
effects are retained only in the formation of the BAE gap in the low
frequency part of the continuous spectrum. A linear MHD model is
adopted for finite-beta tokamak plasmas. A generalized safety factor
is defined inside the magnetic island flux tube, giving information on
the rational flux surfaces where different modes couple to create gaps in
the SAW continuous spectrum. The linearized SAW equation is solved
with a shooting method code inside a finite-size magnetic island and
the result compared with the SAW continuous spectrum calculated in
tokamak equilibria.

We have studied modes with the same helicity as that of the mag-
netic island, and modes with different helicity from that of the magnetic
island. When considering modes with different helicities from that of
the magnetic island in the region inside the magnetic island, we have
found that there exists a SAW continuous spectrum, similar to that cal-
culated in tokamak equilibria. For the limit of vanishing eccentricity of
the flux surfaces, modes with different poloidal numbers are not cou-
pled and therefore, the branches of the continuous spectrum intersect
and there is no formation of gaps. This is shown to occur inside a mag-
netic island with very large (unrealistic) width, near the O-point, where
the flux surfaces are nearly circular. On the other hand, a typical size
magnetic island is shown to have wide gaps in the continuous spectrum,
due to the strong eccentricity of the flux surfaces. This is analogous to
the formation of EAE gaps in tokamaks, but is found here inside the
magnetic island equilibrium.

When considering modes with the same helicity as the magnetic is-
land, we have found that the BAE continuum accumulation point (BAE-
CAP) is shifted in space from the rational surface of the island, to the sep-
aratrix flux surface position. Moreover, we have shown that the nonuni-
formity of the magnetic field intensity along the field lines generates a
splitting between the frequency branches of the modes with even and
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odd structures. The frequency of this splitting has a relevant value in-
side the island, and is negligible outside the island, for typical island
sizes. Inside the magnetic island, we have found that the continuum
frequency branches converge at the O-point to several magnetic island
induced CAP (MiO-CAP). At the separatrix, the frequency of the BAE-
CAP is splitted in two values. The continuum branch correspondent
to the first odd eigenfunction inside the island converges to the original
BAE-CAP, with same frequency as in absence of a magnetic island, and
the other branches converge to a nonlinearly modified BAE-CAP, with a
higher frequency. Outside the magnetic island, all continuum branches
converge at the separatrix to the nonlinearly modified BAE-CAP.

We have also shown that new local structures of the SAW contin-
uum are formed due to the presence of the magnetic island. The most
remarkable novel feature is the presence of a continuous spectrum in-
side the island, very similar to that of a tokamak. In particular, gaps are
present in the continuum inside the magnetic island, which correspond to
regions free of continuum damping. These gaps are due to the ellipticity
of the magnetic island flux surfaces.

6.3 Global Alfvén Eigenmodes

We have studied the existence of global AE, namely AE with a discrete
frequency and a finite radial width, inside the magnetic island. We have
focused on the main mechanism of formation of AE inside the island:
namely eccentricity of the flux surfaces. Moreover, we have studied the
existence of AE due to the effect of finite Larmor radius. The case of
small eccentricity of the flux surfaces has been considered, for this is
the case affordable with analytical techniques. The eigenvalue equation
has been derived and solved analytically with a technique of solution
matching. As a result, we provide the dispersion relation of ellipticity
induced MiAE (or MiEAE). Their frequency lies inside the ellipticity
induced gap, therefore they take the name of gap-modes. Moreover,
the contribution of FLR terms was found to be crucial to create another
potential well for AE. These modes with characteristic length scale of the
order of the ion Larmor radius, have been identified as kinetic MiAE (or
MiKAE). Their frequency is predicted to be above the MiAE ellipticity
gap. They have been described as localized in a region close to the
rational surface, and their perturbed field is predicted to be vanishing
outside this region.

Here, we emphasize the analogy between the equilibrium inside a
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magnetic island and the tokamak equilibrium, and, consequently, the
analogies between AE within the magnetic islands (MiAE) and the well-
known AE in tokamaks. Given that plasma equilibrium non-uniformities
and wave resonant interactions with energetic particles provide, respec-
tively, frequency range and mode drive [2, 3], the MiAE peculiarity re-
sides in the corresponding SAW continuous spectrum dependence on the
magnetic island size. Due to this strong similarity between an equilib-
rium inside a magnetic island and a tokamak equilibrium, we expect to
find all kinds of Alfvénic instabilities inside a magnetic island, and not
only instabilities ellipticity-MiAE. For instance, toroidicity-MiAE could
grow inside a gap due to the flux tube toroidicity effects, which are not
studied here and can be treated in a dedicated paper.

We have also shown that the SAW continuous spectrum of a finite-
beta tokamak plasma in the presence of a magnetic island still presents
the beta-induced gap at low-frequencies. This window in the Alfvén
continuum, namely 0 < f < fBAE−CAP , allows BAE to grow free of con-
tinuum damping in the proximity of the BAE continuum accumulation
point [14, 22, 23, 44, 49].

The substantial difference between MiAE and BAE is given by the
radial continuum structure. In fact, a mode with frequency inside the

0 0.5 1 1.5

BAE

BAE−CAP

MiAE

MiAE−CAP

ψ / ψ
sx

f 2 MiAE
localized inside

the island

BAE
extended outside the island

Figure 6.1: MiAE and BAE relative frequency and localization. The
MiAE has a frequency higher than the nonlinearly modified BAE-CAP
and is localized inside the island. The BAE has a frequency below the
nonlinearly modified BAE-CAP and is more extended in space.
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beta-induced gap can extend radially outside the separatrix without reso-
nantly exciting the SAW continuum. This implies that a localized plasma
eigenmode can exist inside the magnetic-island induced gap only if its
fluctuating field vanishes sufficiently fast (exponentially) at the contin-
uum position (see FIG. 6.1). If the fluctuating field is finite at the con-
tinuum position, its radial structure is characterized by the logarithmic
singularity typical of continuum resonance and absorption and could be
excited only as EPM above a critical drive threshold [11]. This argument
gives us precise information on the radial structure of the new MiAE with
respect to gap-modes like BAE. In fact, we can state that, if a BAE can
extend over a radial range not limited by the island size, on the contrary
a MiAE is very localized and positioned at the center of the island.

6.4 Future work

In this dissertation, a theory for the dynamics of Alfvén modes in the
presence of a magnetic island has been developed, in the framework of
linear ideal MHD. The continuous spectrum has been calculated and
new gaps in the continuous spectrum have been found. Moreover, the
frequency of the BAE continuum accumulation point has been calculated
and its dependence on the magnetic island size has been made explicit.
Inside the continuum gaps, the theory of global Alfvén modes (MiAE)
due to the eccentricity of the section of the magnetic island flux tube has
been developed in the limiting case of small eccentricity magnetic island.
Moreover, the nonlinear modification of the BAE frequency has been
calculated in the framework of a perturbative theory in the magnetic
island size.

One of the next steps in the theory of global modes inside a magnetic
island, is the implementation of numerical simulations where a magnetic
island flux tube is considered as the equilibrium. In numerical simulation,
the limiting case of small eccentricity of the magnetic island flux tube
can be abandoned, and furthermore, the curvature and the helicity of the
magnetic island flux tube can be restored, modeling in a more realistic
way typical magnetic islands present in tokamak plasmas. Therefore,
we expect to be able to calculate the frequency of MiAE with numerical
simulations, and to compare them with the transit frequency of energetic
particles.

A tokamak equilibrium modified by the presence of quasi-static mag-
netic island has analogies with a stellarator equilibrium, where Alfvén
modes are present like in a tokamak [50]. The magnetic island O-point
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plays the role of the helical magnetic axis for stellarators and the plasma
inside the separatrix topologically corresponds to the whole stellarator
plasma. A simplification in our case is given by the fact that the island
(plasma) cross section has fixed shape while moving along the helical
symmetry direction, while this is not the case in stellarator plasmas. In
fact, magnetic islands in tokamaks are radially localized and the effect
of the 1/R dependence of the equilibrium B-field on its shape is negli-
gible at the lowest order; meanwhile, there are no effects from external
coils to be considered, which are dominant in the case of stellarators.
With these considerations in mind, some analogies may be drawn be-
tween the problem analyzed here and those considered in stellarators
(see, e.g. Ref. [50]). The more fundamental connection between SAW
in nonlinear tokamak equilibria with helical structures, such as magnetic
islands, and in stellarators emerges when considering resonant excitation
of these fluctuations, which naturally bring in new invariants of particle
motions and the corresponding intrinsic frequencies, which have obvious
consequences not only on the mode drive, but on the nonlinear saturation
and related transport processes as well. These problems are far beyond
the scope of the present paper and will be addressed elsewhere. As stated
above, this work addresses radial (in magnetic flux coordinate) singular
structures of the SAW continuous spectrum with the same symmetry as
the nonlinear plasma equilibrium within a finite size magnetic island.

The model of MiAE has to be reformulated in the framework of a
gyrokinetic theory, if one wants to take into account wave-particle reso-
nances and finite Larmor radius effects. In order to calculate the growth
rate of MiAE inside a magnetic island in a tokamak, a further study of
driving and damping mechanisms is also required, taking into account
resonances with thermal and energetic particles. We expect the driving
mechanism to be given mainly by energetic particles radial nonuniformi-
ties.

Experimental investigations of MiAE can also be performed. As we
have discussed in last section, MiAE magnetic perturbations are very lo-
calized inside the magnetic island, and as a consequence, a MiAE cannot
be easily detected by a diagnostic system which measures the fluctuating
field outside the tokamak, such as Mirnov coils. However, we expect that
we could observe these modes with ECE or soft X-ray diagnostics.

MiAE could nonlinearly interact with energetic particles and affect
their redistribution in the proximity of the magnetic island rational sur-
face. This process would add on the redistribution of fast ion population
near a magnetic island rational surface, caused in part by the radial mag-
netic field due to the magnetic island itself [51]. Therefore, adding the ef-
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fect of MiAE can help understanding better fast particle dynamics in the
presence of a magnetic island and explaining the possible discrepancies
between measured fast ion redistributions and theoretical predictions.

The analytic theory of BAE has been developed in this dissertation
in the case of perturbatively small magnetic island. The next step in the
modeling of BAE is the nonlinear reformulation of the BAE dispersion
relation in gyrokinetic theory, developed in Ref. [23, 32] in the framework
of a linear theory. A crucial role in the driving mechanism is expected
to be played by the magnetic island pressure nonlinearity, as suggested
by Ref. [36].

In this dissertation, the frequency of MiAE and BAE has been cal-
culated as a function of the magnetic-island width (see Eq. 4.30 and
Eq. 5.5). This suggests the possibility of using the MiAE and BAE fre-
quency scalings as a novel magnetic-island diagnostics in a fashion simi-
lar to other commonly used Alfvén spectroscopy techniques [52, 53, 54].
Unlike in the BAE case, the radial MiAE localization at the center of
the island makes them difficult to detect by external measurements, and
makes the use of internal fluctuation diagnostics, such as electron cy-
clotron emission and soft x rays, necessary. By detecting MiAE and
BAE and measuring their frequency, one has indirect information on the
magnetic-island size.
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Chapter 7

Appendix

7.1 Coordinate metric

7.1.1 Notation for general curvilinear coordinates

Let {x1, x2, x3} be an orthonormal set of coordinates in R3, with basis
vectors {ê1, ê2, ê3}. All vectors with symbolˆon top are meant to be of
unitary length, with length measured in this original coordinate system.
Now let {q1, q2, q3} be a curvilinear set of coordinates in the same space,
with basis vectors {g1, g2, g3}, defined as gi = (∂xj/∂qi)êj (the Einstein
summation convention is always adopted, when an index appears twice in
a term, unless explicitly stated). The basis vectors gi are defined aligned
with coordinates, and take the name of co-variant basis. Similarly, we
can introduce a basis of vectors perpendicular to the co-variant basis vec-
tors, named contra-variant basis vectors gi, defined as gi = ∇qi, where
the gradient is always meant to be calculated in the original coordinate
system {xi}. The contra-variant vectors are related to the co-variant vec-
tors by the relations gi ·gj = δi

j , where the scalar products are calculated
in the original coordinate system, and δi

j is the Kronecker delta. Any
vector can be written in terms of these basis vectors as V = V igi = Vig

i,
where Vi and V i are named respectively co-variant and contra-variant
components. Any vector can also be written as V = V i

phĝi, where we call
V i

ph physical components of the vector, V i
ph = V i|gi|, with no summation

on the index i here.
The metric tensor is defined as gij = gi · gj , and can be used to

calculate the infinitesimal line element of the set {qi} (also called 1-

form of the set {qi}): ds2 = gij dq
i dqj. This is a generalization of the

Pythagorean theorem, and in 2-D reduces to the theorem for triangles:
ds2 = (dq1)2 + (dq2)2 − 2 cosα dq1 dq2, where dq1 and dq2 are two sides
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of the triangle and α = π/2 − ĝ1 · ĝ2. In the same way, the matrix gij is
defined as gij = gi · gj. The matrices gij and gij are one the inverse of
the other: gimgmj = δi

j . They can be used to calculate the contravariant
components of a vector, knowing the co-variant ones, and viceversa: V i =
gi ·V = gi ·Vjg

j = gijVj and Vi = gijV
j. The determinant of gij is named

g. The differential operators are defined in the set {qi} as:

(∇f)i = ∂if = gij∂jf

∇ · V =
1√
g
∂i(

√
gV i)

∇2f =
1√
g
∂i(

√
g gij∂jf)

∇ × V =
1√
g
ǫijk gi∂jVk

Here the partial derivatives are defined as ∂i = ∂/∂qi and ∂i = ∂/∂qi,
and ǫijk is the Levi-Civita tensor.

7.1.2 Coordinates outside a magnetic island

The domains of the coordinates (ρ, u, ζ), describing the region outside
the island, are ρsx = Wisl < ρ <∞, 0 < u < 2π and 0 < ζ < 2π, where ζ
is the coordinate of translational symmetry for both the equilibrium and
the perturbations, and periodicity in u is assumed for the perturbations.
The gradients of these coordinates are:

∇ρ = L/x q̂ −
√

1 − e sin u/(2x) û = P/x ρ̂

∇u = û/ρ0

∇ζ = ζ̂/Z0

where we use the notation V̂ = V /V for a unitary length vector. Here

P =
√

L2 + (1 − e)(sin2 u)/4, L =
√

x2 − (cosu+ 1)/2 and x = ρ/ρsx.
A covariant basis (gρ, gu, gζ) can also be defined as orthogonal to the

contra-variant basis (gρ = ∇ρ, gu = ∇u, gζ = ∇ζ), namely satisfying:
gi · gj = δi

j . The Jacobian for the coordinates outside the island, defined
as the determinant of the metric tensor gij = gi ·gj, is gout = ρ2

0Z
2
0x

2/L2.
With these definitions, the laplacian of a function f for perpendicularly
localized modes, can be written in the coordinates (r, u, ζ) as:

∇2
outf ≃ 1√

gout

∂

∂ρ

(√
gout g

ρρ∂f

∂ρ

)

≃ 1

ρ2
sx

P 2

x2

∂2f

∂x2
(7.1)

where we have used gρρ = gρ · gρ = P 2/x2.
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7.1.3 Coordinates inside a magnetic island

Here, we calculate the differential operators in the set of coordinates
inside the magnetic island (ρ, θ, ζ). The domains of these coordinates
are 0 < ρ < ρsx = Wisl, 0 < θ < 2π and 0 < ζ < 2π, where ζ is
the coordinate of translational symmetry, and periodicity in θ and ζ is
assumed for the perturbations. The gradients of these coordinates are:

∇ρ = sin θ q̂ − cos θ
√

1 − eF û =
√
a ρ̂

∇θ = (cos θ q̂ + sin θ
√

1 − eF û)/ρ =
√
b θ̂/ρ

∇ζ = ζ̂/Z0

Moreover we have the relation ∇ρ·∇θ = c/ρ. Here F =
√

1 − (ρ cos θ/ρsx)2,
and:

a = sin2 θ + cos2 θ(1 − e)F 2

b = cos2 θ + sin2 θ(1 − e)F 2

c = cos θ sin θ (1 − (1 − e)F 2)

The length of the co-variant basis vectors is gρ =
√

b/(1 − e)/F , gθ =

ρ
√

a/(1 − e)/F , and gζ = Z0.
Now we calculate the differential operators, which are needed to solve

explicitly the equation for the shear Alfvén wave dynamics in this set of
coordinate. The metric tensor gij is given by:

gij =





a c/ρ 0
c/ρ b/ρ2 0
0 0 1/Z2

0





and the Jacobian for the coordinates inside the island, is gin = ρ2
sxZ

2
0x

2/(F 2(1−
e)). With the explicit value of gij and g, we can calculate the differential
operators:

∇f =
√
a
∂f

∂ρ
ρ̂ +

√
b

ρ

∂f

∂θ
θ̂ +

1

Z0

∂f

∂ζ
ζ̂ (7.2)

∇ · V =
1

Z0

∂V ζ
ph

∂ζ
+

√
1 − e F

r

( ∂

∂ρ

(ρV ρ
ph√
b

)

+
∂

∂θ

(V θ
ph√
a

))

(7.3)

∇2f =
F

ρ

∂

∂ρ

( ρ

F

(

a
∂f

∂r
+
c

ρ

∂f

∂θ

))

+

+
F

ρ

∂

∂θ

( 1

F

(

c
∂f

∂ρ
+
b

ρ

∂f

∂θ

))

+
1

Z2
0

∂f

∂ζ2
(7.4)
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(∇ × V )ρ =

√
b

ρ

∂V z
ph

∂θ
+

1

F
√

1 − e

( c

Z0

∂V ρ
ph

∂ζ
−

√
a
√
b

Z0

∂V θ
ph

∂ζ

)

(7.5)

(∇ × V )θ = −
√
a
∂V z

ph

∂ρ
+

1

F
√

1 − e

(

√
a
√
b

Z0

∂V ρ
ph

∂ζ
− c

Z0

∂V θ
ph

∂ζ

)

(7.6)

(∇×V )ζ =
F

ρ

( ∂

∂ρ

(

−
ρcV ρ

ph

F
√
b

+
ρ
√
aV θ

ph

F

)

+
∂

∂θ

(

√
bV ρ

ph

F
+
cV θ

ph

F
√
a

))

(7.7)

It is straightforward to see that, in the case e ≃ 0 and in proximity of
the O-point (F = a = b = 1, c = 0), these differential operators reduce
to the known differential operators in cylinder geometry.

Using these definitions, and the fact that gρρ = gρ · gρ = a, we can
write the laplacian for perpendicularly localized modes in the coordinates
(ρ, θ, ζ) in the approximate form:

∇2
inf ≃ a

ρ2
sx

∂2f

∂x2
(7.8)
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7.2 Notation for the linear BAE dispersion

relation

In this appendix, we define the functions used in section 5.2, for the linear
theory of BAE [23, 44].

FBAE(x) = x(x2 + 3/2) + (x4 + x2 + 1/2)Z(x) (7.9)

GBAE(x) = x(x4 + x2 + 2) + (x6 + x4/2 + x2 + 3/4)Z(x) (7.10)

NBAE(x) =
(

1 − ω∗ni

ω

)

[x+ (1/2 + x2)Z(x)]

−ω∗T i

ω
[x(1/2 + x2) + (1/4 + x4)Z(x)] (7.11)

DBAE(x) =
(1

x

)(

1 +
1

τ

)

+
(

1 − ω∗ni

ω

)

Z(x)

−ω∗T i

ω
[x+ (x2 − 1/2)Z(x)] (7.12)

where τ = Te/Ti and Z(x) is the plasma dispersion function:

Z(x) = π−1/2

∫ +∞

−∞

e−y2

(y − x)
dy (7.13)

The function SBAE is defined by:

SBAE(ω) =

=
q2

2

(ωti

ω

)2[(

1− ω∗ni

ω

)(

L− 2L1/2 −
2N

D
(H − 2H1/2) +

N2

D2
(F − 2F1/2)

)

−ω∗T i

ω

(

M − 2M1/2 −
2N

D
(I − 2I1/2) +

N2

D2
(G− 2G1/2)

)]

+
q2

D1/2

(ωti

ω

)2[(

1− ω∗ni

ω

)

(F1/2 −F )− ω∗T i

ω
(G1/2 −G)− N

D
(N1/2 −N)

]2

+
(

1− ω∗ni

ω

)(

T − 2N

D
V +

N2

D2
Z

)

− ω∗T i

ω

(

U − 2N

D
W +

N2

D2
(V − Z/2)

)

(7.14)
where, in this appendix, the functions L,H,M, I, T, V, U,W are defined
as:

L(x) = x7 + (5/2)x5 + (19/4)x3 + (63/8)x

+(x8 + 2x6 + 3x4 + 3x2 + 3/2)Z(x), (7.15)

H(x) = x5 + 2x3 + 3x+ (x6 + (3/2)x4 + (3/2)x2 + 3/4)Z(x), (7.16)
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M(x) = x9 + 2x7 + (11/2)x5 + (25/2)x3 + (201/8)x

+(x10 + (3/2)x8 + 4x6 + (15/2)x4 + 9x2 + 21/4)Z(x),(7.17)

I(x) = x7 + (3/2)x5 + (7/2)x3 + (27/4)x

+(x8 + x6 + (9/4)x4 + 3x2 + 15/8)Z(x) (7.18)

T (x) = x3 + (5/2)x+ (x4 + 2x2 + (3/2))Z(x) (7.19)

V (x) = x+ (x2 + 1)Z(x) (7.20)

U(x) = x5 + 3x3 + (13/2)x

+(x6 + (5/2)x4 + (9/2)x2 + (15/4))Z(x) (7.21)

W (x) = x3 + 2x+ (x4 + (3/2)x2 + 3/2)Z(x). (7.22)
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